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Regular Expressions
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Finite Automata

A deterministic finite automaton is a 5-tuple A = (Q, X, 0, go, F), where
® (Qis a finite set of states
® Y is a finite non-empty alphabet
® j:Q x X — @is a transition function
® go € Q is the initial state
® [ C @ is the set of final states

The language recognized by A is L(A) = {w | 6(qo,w) € F}.
A DFA is minimal if it has the least number of states of all DFAs recognizing the
same language.
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Brzozowski Derivatives

Nullability ¢ : RE — {0,¢}: Derivative d : ¥ x RE — RE:
e(@) =0, e(e) =¢, e(o) =0 d,(0) =0, dy(c) =][oc=0]
e(r+s)=c¢e(r)+e(s) dy(r+s) = dy(r)+ds(s), do(r*) =ds(r)r*
e(r-s)=ce(r)-e(s), e(r)=e dy(r-s) =ds(r)s+e(r)d,(s)

Extend to words:

de(r)=r, dow(r)=dw(ds(r))

Key Properties:
° c(r)=ciffe € L(r)
® L(dw(r))=w"L(r)
 L(r) =L (e(r) + Xpex do(r))
® The set of derivatives D(r) is finite modulo AC/
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Brzozowski Automaton

Brzozowski Automaton

Given a regular expression r, the Brzozowski automaton Brz(r) is the 5-tuple
(D(r),%,0,[r], F), where

o([r],0) = [do(r)],  F={lr][e(r) =}
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Brzozowski Automaton

Brzozowski Automaton

Given a regular expression r, the Brzozowski automaton Brz(r) is the 5-tuple
(D(r),%,0,[r], F), where

o([r],0) = [do(r)],  F={lr][e(r) =}

For which classes of regular expressions r is Brz(r) minimal?

A complete characterization in terms of necessary and sufficient conditions seems out
of reach, but...
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Finite Languages
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DFAs are acyclic (ADFA)
Rank rk(q): length of the longest word accepted by ¢

Equivalent states have the same rank

Transitions decreese rank
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DFAs are acyclic (ADFA)
Rank rk(q): length of the longest word accepted by ¢

Equivalent states have the same rank

Minimality of an ADFA (Revuz)

Transitions decreese rank

An ADFA A is minimal iff for all distinct p, g € Q:

(peFVgeF)V (JoeX)d(p,o)+#d(qg,0)
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Finite Languages

r—0leloeX|r+r|r-r

DFAs are acyclic (ADFA)
Rank rk(q): length of the longest word accepted by ¢

Equivalent states have the same rank

Minimality of an ADFA (Revuz)

Transitions decreese rank

An ADFA A is minimal iff for all distinct p, g € Q:

(e(p) =€ Velq) =€) V (30 € %) do(p) #ac do(q)
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Head Normal Form

Head normal form (HNF)

A finite regular expression is in HNF if it has the form

f—i—Za-rg

gEX

where f € {0),¢} and each r, is itself in HNF.

In particular, (), €, and each o € X are degenerate cases of HNF.
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Calculating HNF

0 if r=0

€ ifr=¢
hnf(r) = { fr_oey

e(r)+ Y _ o -hnf(dy(r)) otherwise

ocEX

® Termination: Since derivatives decrease the size of the largest recognized word
there is a decreasing well-founded measure

® Preservation: L(hnf(r)) = £(r) by induction and the Fundamental Theorem

¢ Form: hnf(r) is HNF by induction
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Properties of HNF

We can take states of Brz(r) to be in HNF

Lemma (Derivative Closed)

If ris in HNF, then d,(r) is in HNF

Most importantly (and unlike general regular expressions):

Lemma (Revuz Criteria)

For r,s in HNF:

r#ac s = (e(r)=eVve(s)=¢) V (30 € X) ds(r) Zac do(s)

Theorem (Minimality)
Let r be in HNF. Then Brz(r) is minimal.
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Let r Za¢; s in HNF

r:ﬁ+zgr¢7 5:7(5"‘20—50

oEL ocEL

If they are not equivalent, then they differ somewhere:
o Iffy #fs:
e(ry=eVe(s)=c¢

e |f for some o € ¥, r, Zacr So:

o = da(r) %AC! da(s) = So
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Minimisation

Using the Equational Method and processing the states in increasing rank order:
rq =0, rq=1q€ F]—i—Zar(;(qp)
ocEX

Acyclicity means that we don’t need Arden’s Lemma to solve this system of equations
So the resulting expression rq = rg, is in HNF

Minimisation Algorithm

Let A be an ADFA. Then Brz(ra) is minimal.
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Conclusion & Future Work

Future Work:

® Can the minimality result be extended beyond finite languages / HNF to broader
classes?

® Necessary and sufficient conditions on r for Brz(r) to be minimal.

® The average size of HNF expressions and the average state complexity of the
resulting minimal ADFAs?
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