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Resumo

Automatos �nitos de multipla entrada (MFAs) são uma generalização dos autómatos �nitos determin-
isticos (DFAs) que permitem a existência de um número arbitrário de estados iniciais. Este relatório
extende a pesquisa existente sobre MFAs estabelecendo resultados sobre a sua complexidade de estado
operacional e sobre a complexidade computacional dos seus problemas de decisão associados. Em
particular, analisámos o custo de várias operações padrão da teoria de linguages quando aplicadas a
MFAs e comparamos estes resultados com os resultados obtidos para DFAs e NFAs. Para além disso,
também analisámos a complexidade de decidir se a linguagem aceite pelo MFA é vazia ou universal,
assim como se a linguagem aceite por um MFA está inclusa na linguagem aceite por outro. Os nossos
resultados contribuem para um melhor entendimento do papel do não-determinismo na di�culdade
computacional de determinados problemas.

Palavras-Chave: Linguagens Regulares, Teoria de Autómatos, Não-Determinismo Limitado, Com-
plexidade de Estado Operacional.



Abstract

Multi-entry �nite automata (MFAs) are a generalization of deterministic �nite automata (DFAs) that
allow for an arbitrary number of initial states. This report extends existing research on MFAs by
establishing results on their operational state complexity and computational complexity of their as-
sociated decision problems. In particular, we analyze the cost of the standard language-theoretic
operations when performed on MFAs and compare these results with the well known complexities for
DFAs and NFAs. Additionally, we also analyze the complexity of deciding the emptiness, universality
and inclusion problems for MFAs. Our �ndings contribute to a deeper understanding of the role that
nondeterminism plays in the computational di�culty of certain problems.

Keywords: Regular Languages, Automata Theory, Limited Nondeterminism, Operational State Com-
plexity.
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Words are events, they do things, they change

things.

Ursula K. Le Guin

Esta é a madrugada que eu esperava

O dia inicial inteiro e limpo

Onde emergimos da noite e do silêncio

E livres habitamos a substância do tempo

Sophia de Mello Breyner Andresen



Chapter 1

Introduction

Regular languages and �nite automata have long been central objects of study in theoretical computer
science. Their conceptual simplicity, combined with their expressive power and ubiquity , has made
them fundamental tools in both theory and practice. At a certain point in time, many believed
that, echoing Philip von Jolly's comment about theoretical physics, "almost everything [in this �eld]
is already discovered, and all that remains is to �ll a few holes". Fortunatly, just like Max Plank,
many computer scientists have ignored this words and, in recent years, interest in automata theory
has experienced a revival.

Driven by both the theoretical desire to enhance our understandanding of these fundamental objects
of computation and by applications in areas such as formal veri�cation, cognitive science, and bioinfor-
matics, signi�cant attention has been devoted to the study of the descriptional complexity of several
systems that describe regular and subregular languages. This study of the economy of descriptions

[MF71] is of great importance since size matters and leads to more e�cient and scalable implementa-
tions.

One computational model that has received comparatively little attention is that of multi-entry �nite

automata (MFAs) [GS76, Kap00, HSY01]. MFAs occupy an intermediate design space between the full
determinism of deterministic �nite automata (DFAs) and the full nondeterminism of nondeterministic
�nite automata (NFAs). They allow a restricted form of nondeterminism, namely nondeterminism only
in the choice of initial states, that yields representations that are possibly exponentially more concise
than those of DFAs. Although generally less succinct than NFAs, this restricted form of nondetermin-
ism makes MFAs particularly more well suited to e�cient implementation and parallelization.

This report provides a systematic study of the multi-entry �nite automata. In Chapter 2, we introduce
the necessary background from formal language and automata theory. Chapter 3 formally de�nes
MFAs and develops their fundamental properties. Chapter 4, we investigate the operational state
complexity of MFAs, providing several upper bounds and proving their tightness. Finally, Chapter 5
examines the computational complexity of several key decision problems for MFAs, showing that even
a limited form of nondeterminism can lead to an increase in di�culty for these problems making a
large portion of them computationally intractable.

All automata constructions and algorithms presented in this thesis have been implemented in Python
[Pyt25] using the FAdo library [MR]. The complete implementation is publicly available at https:

//codeberg.org/tttardigrado/mefa-fado .

https://codeberg.org/tttardigrado/mefa-fado
https://codeberg.org/tttardigrado/mefa-fado


Chapter 2

Preliminaries

In this chapter, we present some basic mathematical notions and de�nitions from formal language and
automata theory that will be used throughout the rest of this report. For more details, we refer the
reader to the standard literature [HU79, Koz97, Sha08, Yu97].

2.1 Basic Concepts and Notation

Given two integers i, j ∈ Z, we use [i, j] := {x ∈ Z | i ≤ x ≤ j} to denote the closed integer interval
from i to j. Moreover, if the lower bound of the interval is zero, we use the simpli�ed notation
[j] := [0, j].

To evaluate the asymptotic behavior of a function f(n) : N→ N given another function g(n) : N→ N,
we use the Bachmann-Landau notation: [AB09]

f(n) = O(g(n)) if (∃c, n0 ∈ N)(∀n > n0) f(n) ≤ c · g(n)

We also recall the algebraic notion of a semigroup:

De�nition 2.1 (Semigroup). A semigroup is a pair ⟨S, ·⟩, where S is a set and · : S × S → S is

an associative binary operation on S:

(∀a, b, c ∈ S) a · (b · c) = (a · b) · c (S1)

Two particularly important semigroups are the permutation semigroup SX of all permutations of a set
X paired with functional composition, and the transformation semigroup TX of all transformations
f : X → X over X paired with functional composition.

2.2 Formal Languages and Words

In the theory of formal languages, the term alphabet is used to refer to a �nite, non-empty set whose
elements are called symbols or letters. Usually, an alphabet is denoted by Σ. A word over Σ is a �nite
sequence of letters from Σ. This includes the empty word, which is denoted by ε. The concatenation
of two words is the word obtained through the juxtaposition of the symbols of each word. Continuing
with the linguistic metaphor, a language is a set of words. The set of all words (resp. nonempty words)
is denoted by Σ⋆ (resp. Σ+) and corresponds to the free monoid (resp. free semigroup) generated by
Σ, considering the concatenation operation.

The length of a word w ∈ Σ⋆, denoted by |w|, corresponds to the number of symbols in w. More
formally, the length function | · | : Σ⋆ → N is inductively de�ned as:

|ε| = 0

|wσ| = |w|+ 1 (∀w ∈ Σ⋆)(∀σ ∈ Σ)

A similar notation, |w|σ, is used to denote the occurrences of the symbol σ ∈ Σ in the word w ∈ Σ⋆.
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Given two words w, u ∈ Σ⋆, we say that u is a pre�x of w if w = uv for some v ∈ Σ⋆. Similarly, we
say that u is a su�x of w if w = vu for some v ∈ Σ⋆. In addition, we say that u is a factor of w if
w = vuz for some v, z ∈ Σ⋆. Furthermore, we say that u is a proper pre�x of w (resp. proper su�x,
proper factor) if u is a pre�x of w (resp. su�x, factor) and u ̸= ε.

We write wn for w ∈ Σ⋆ and n ∈ N to denote the concatenation of n copies of w. Formally, repeated
concatenation is inductively de�ned as:

w0 = ε

wn+1 = wnw (∀w ∈ Σ⋆)(∀n ∈ N)

We write wR to denote the reversal of a word w ∈ Σ⋆, i.e., the word written backwards. Formally, it
is inductively de�ned by:

εR = ε

(wσ)R = σwR (∀w ∈ Σ⋆)(∀σ ∈ Σ)

Since languages are sets of words, all the usual set theoretic functions (such as union, intersection
and complementation) apply to them. Since their elements are words, we can de�ne some speci�c
language-theoretic operations.

The concatenation L1L2 of two languages L1, L2 ⊆ Σ⋆ is de�ned by

L1L2 := {wu ∈ Σ⋆ | w ∈ L1 ∧ u ∈ L2}.

Since this operation is associative we use Ln to denote the concatenation of n copies of L ⊆ Σ⋆:

L0 = {ε}
Ln+1 = LnL (∀L ⊆ Σ⋆)(∀n ∈ N)

The Kleene star (resp. Kleene plus) L⋆ (resp. L+) of a language L ⊆ Σ⋆ is the union of all �nite
powers (resp. nonzero �nite powers) of L:

L⋆ :=
⋃
n≥0

Ln L+ :=
⋃
n≥1

Ln

The reversal LR of a language L ⊆ Σ⋆ is the language formed by the reversal of the words that
constitute it:

LR := {wR ∈ Σ⋆ | w ∈ L}.

The su�x, pre�x, and factor of a language L ⊆ Σ⋆, denoted by Suff(L), Pref(L), and Fact(L),
respectively, are the languages formed by the su�xes, pre�xes and factors of the words in L:

Suff(L) := {w ∈ Σ⋆ | (∃u ∈ Σ⋆) uw ∈ L}
Pref(L) := {w ∈ Σ⋆ | (∃v ∈ Σ⋆) wv ∈ L}
Fact(L) := {w ∈ Σ⋆ | (∃u, v ∈ Σ⋆) uwv ∈ L}

A particularly important class of languages, corresponding to the simplest level of the Chomsky Hier-
archy [CS63, Cho56], is the class of Regular languages: [Yu97]

De�nition 2.2 (Regular Languages). The class RL of Regular Languages is the smallest class

that contains ∅, {ε}, {σ} for σ ∈ Σ, and is closed under union, concatenation, and Kleene star.
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2.3 Finite Automata

Finite automata form the backbone of theoretical computer science. They are some of simplest and
most ubiquitous models of computation with applications in diverse areas such as pattern matching,
lexical analysis, biology, linguistics, and cognitive science. Kleene [Kle56] proved that the class of
languages that are recognized by �nite automata correspond exactly to the Regular Languages, thus
making them the model par excellence to describe them.

In this section we will de�ne two equivalent classes of �nite automata: the deterministic and the
nondeterministic �nite automata.

De�nition 2.3 (NFA). A nondeterministic �nite automaton is a 5-tuple N = ⟨Q,Σ, δ, I, F ⟩,
where Q is a �nite set of states, Σ is the input alphabet, δ : Q× Σ → 2Q is the nondeterministic

transition function, I ⊆ Q is the set of initial states, F ⊆ Q is the set of �nal states.

The size of an NFA is given by the cardinality of its set of states, i.e. |N | = |Q|.

By abuse of notation, the symbol δ is also used to denote the extension of the transition function to
act on sets of states and words. This extension can be de�ned in the natural way:

δ(S, σ) =
⋃
s∈S

δ(s, σ) δ(S, ε) = S δ(S,wσ) = δ(δ(S,w), σ).

Additionally, we also de�ne a path on an automaton to be a �nite sequence of consecutive transitions

q0
σ0−−−−→ q1

σ1−−−−→ q2
σ2−−−−→ · · · σn−1−−−−−→ qn,

where qi+1 ∈ δ(qi, σi) for i ∈ [n − 1]. A path is said to be initial if it starts with an initial state, i.e.
q0 ∈ I, and �nal if it ends in a �nal state, i.e. qn ∈ F .

The language recognized by an NFA N is the set of words that label paths that are both initial and
�nal, that is L(N) := {w ∈ Σ⋆ | δ(I, w)∩F ̸= ∅}. Two NFAs are equivalent if they recognize the same
language.

Given a state q ∈ Q, we can also de�ne the right language of q, denoted by L→q (N), as the set of words
that label �nal paths that start in q, i.e. L→q (N) := {w ∈ Σ⋆ | δ(q, w) ∩ F ̸= ∅}. Analogously, we
de�ne the left language of q, denoted by L←q (N), as the set of words that label initial paths that end
in q, i.e. L←q (N) := {w ∈ Σ⋆ | q ∈ δ(I, w)}.

A state q ∈ Q is reachable if there is an initial path that ends in q, i.e. L←q (N) ̸= ∅. Similarly, a state
q ∈ Q is co-reachable if there is a �nal path that starts in q, i.e. L→q (N) ̸= ∅. An NFA is reachable
(resp. co-reachable) if all of its states are reachable (resp. co-reachable). If an NFA is both reachable
and co-reachable we say that it is trim.

Given an NFAN = ⟨Q,Σ, δ, I, F ⟩, its reverse automaton is de�ned to be the NFANR = ⟨Q,Σ, δR, F, I⟩
obtained by reversing all arrows and swapping the initial and �nal states. The language recognized by
the reverse NFA is the reversal of the language of the original NFA, i.e. L

(
NR

)
= L(N)R.

An NFA is said to be minimal if it has the smallest number of states out of all NFAs to which it is
equivalent.

Moreover, an NFA is said to be deterministic if it has a single initial state, that is |I| = 1, and
|δ(q, σ)| ≤ 1 for all states q ∈ Q and symbols σ ∈ Σ. If the transition function is de�ned for all states
and symbols, the automaton is said to be complete. This allows us to de�ne the class of deterministic
�nite automata in the following way:

De�nition 2.4 (DFA). A deterministic �nite automaton is a 5-tuple A = ⟨Q,Σ, δ, q0, F ⟩, where
Q is a �nite set of states, Σ is the input alphabet, δ : Q×Σ→ Q is the transition function q0 ∈ Q
is the initial state, F ⊆ Q is the set of �nal states.
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In a similar fashion to what we did with NFAs, we extend the transition function to words. The
de�nitions of size of a DFA, language recognized by a DFA, right and left languages of a state, reachable,
co-reachable, trim, and minimal DFAs mirrors the de�nitions of the nondeterministic versions of those
concepts.

By disregarding the initial and �nal states of a DFA and focusing solely on its transition structure,
we obtain what is known as a semiautomaton [Pin97]. Semiautomata play a central role in algebraic
approaches to automata theory, as their transition structure induces a �nite semigroup whose algebraic
properties re�ect important aspects of the languages recognized by the original DFA.

De�nition 2.5 (Transition Semigroup). Let A = ⟨Q,Σ, δ⟩ be a semiautomaton. For each symbol

σ ∈ Σ, let the transformation δσ : Q→ Q be de�ned as

δσ(q) = δ(q, σ).

The transition semigroup of A, denoted T (A), is the �nite semigroup generated by the set {δσ |
σ ∈ Σ} with the semigroup operation given by function composition.

Note that T (A) is always a subsemigroup of the transformation semigroup on the set of states. If
the transition semigroup T (A) and the transformation semigroup TQ are isomorphic, we say that A is
functionally complete.

2.3.1 Determinization

Although NFAs o�er a higher degree of succinctness when describing regular languages, nondetermin-
ism introduces di�culties in terms of implementation and performance. In a paper that later earned
them the Turing Award, Rabin and Scott [RS59] proved that every NFA can be converted into an
equivalent DFA using the following construction:

Theorem 2.6 (Powerset Construction). Let N = ⟨Q,Σ, δ, I, F ⟩ be an NFA. The powerset DFA

D(N) = ⟨2Q,Σ, δ′, I, F ′⟩, where F ′ = {S ∈ 2Q | S ∩ F ̸= ∅} and

δ′(S, σ) =
⋃
s∈S

δ(s, σ),

is equivalent to N , i.e., L(N) = L(D(N)).

It follows from the de�nition of the Powerset Construction that the process of determinization may
incur, in the worst case, in an exponential blow-up in the number of states. Later, Meyer and Fischer
[MF71], Moore [Moo71], and Lupanov [Lup63] independently proved that this upper bound is tight
by constructing families of n-state NFAs whose equivalent DFAs require 2n states. This is regarded as
the �rst major result in descriptional complexity.

2.3.2 Minimization

The problem of computing reduced � and ideally minimal � automata for a given language is of central
importance in both theory and practice. For DFAs, this problem is well understood. Its origins
trace back to the seminal work of Moore [Moo56] in the 1950s, where he presented a minimization
algorithm that runs in O(n2) time. This result was later improved on by Hopcroft [Hop71], whose
algorithm achieves a runtime of O(n log n). Moreover, as a consequence of the Myhill-Nerode Theorem
[Myh57, Ner58], the minimal DFA recognizing a regular language is unique up to isomorphism.

In contrast, the situation for NFAs is considerably more complex. Unlike the deterministic case,
minimal NFAs for a given language are not necessarily unique. More importantly, computing a minimal
NFA is PSpace-complete [MS72].

Although Gruber and Holzer [GH06] have proved that even determining the size of a minimal NFA
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is computationally di�cult, Glaister and Shallit [GS96], and Birget [Bir92, Bir93] have presented a
technique that allows us to prove lower bounds on the size of NFAs. This technique is derived from
communication complexity [AUY83], and is commonly referred to as the fooling set method:

De�nition 2.7 (Fooling Set). A set of pairs of strings F = {⟨xi, yi⟩ | i ∈ [1, n]} is called a fooling
set for a language L ⊆ Σ⋆ if for each i, j ∈ [1, n]:

xiyi ∈ L (F1)

i ̸= j =⇒ xiyj /∈ L ∨ xjyi /∈ L (F2)

Lemma 2.8. Let F be a fooling set for a regular language L ⊆ Σ⋆. Then every NFA for L has at

least |F| states.

Unfortunately, Glaister and Shallit [GS96] have pointed out that this bound is not always tight, and
indeed, that the gap can be arbitrarily large. Despite this theoretical limitation, Hospodár et al.
[HJM18] have studied this method and empirically proved that fooling sets can often be used to
provide tight lower bounds for the operations we are interested in.

2.3.3 State Complexity

The most natural way to measure the complexity of regular languages is through the number of states
required by a given computational model (DFAs, NFAs, etc.) to recognize them. This leads to the
de�nition of the state complexity sc(L) of a regular language L as the number of states in the minimum
DFA recognizing L. Similarly, the nondeterministic state complexity of L, denoted nsc(L), is de�ned as
the number of states in a minimal NFA that recognizes it. It is worth noting that, since our de�nitions
allow DFAs to be incomplete and NFAs to have multiple initial states, the (nondeterministic) state
complexities may di�er by 1 from the values obtained when requiring complete DFAs and a unique
initial state.

Naturally, one can ask about the worst-case complexity resulting from applying a regularity-preserving
operation to a set of regular languages, as a function of the complexities of the operands. This is
known as operational state complexity :

De�nition 2.9 (Operational State Complexity). Let f be a k-ary operation on regular languages.

The state complexity of f is given by the function

(n1, · · · , nk) 7→ max{ sc(f(L1, · · · , Lk)) | (∀i ∈ [1, k]) sc(Li) ≤ ni }.

Nondeterministic operational state complexity is de�ned analogously.

The �rst results on operational state complexity were obtained by the Soviet mathematicians Mirkin
[Mir66] and Maslov [Mas70] in the 1960s and 1970s. However, the topic only became a proli�c area of
research in theoretical computer science after 1994, when a paper by Yu et al. [YZS94] reignited the
interest in the �eld.

Operational state complexity results are proved in two steps:

1. First, we prove the upper bound. This can be done by providing an algorithm that converts
the input automata into an automaton that recognizes the resulting language, whose size is a
function of the sizes of the input automata;

2. Then, we prove that the bound is tight. This can be done by providing an in�nite family of
witness languages (Ln | n ≥ k), for some small integer k ∈ N, that reach the upper bound.

For a comprehensive overview of results in operational state complexity, we refer the reader to the
survey by Gao et al. [GMRY16].



Chapter 3

Multi-entry Finite Automata

As the saying goes, "with great power there must also come great responsibility,� [LD62] and nonde-
terminism is no exception. As discussed in Chapter 2, nondeterminism can yield exponentially more
succinct descriptions of regular languages. However, this is accompanied by signi�cant complexity
drawbacks, since fundamental operations such as minimization become computationally intractable.

In this section, we introduce and study an intermediate computational model that lies strictly between
the full determinism of DFAs and the full nondeterminism of NFAs. This model, called a multi-entry

�nite automaton (MFA), restricts nondeterminism to the choice of the initial state, while maintaining
the deterministic behavior of the transition function. Formally:

De�nition 3.1 (MFA). A multi-entry �nite automaton is a 5-tuple M = ⟨Q,Σ, δ, I, F ⟩ where Q
is a �nite set of states, Σ is an alphabet, δ : Q × Σ → Q is a deterministic transition function,

I ⊆ Q is a set of initial states, and F ⊆ Q is a set of �nal states.

From the de�nition, it follows immediately that MFAs recognize exactly the class of regular languages.
Indeed, every MFA is a special case of a NFA, and, conversely, every DFA can be viewed as an MFA with
a single initial state. This observation yields the following characterization of the MFA-recognizable
languages:

Theorem 3.2. A language L ⊆ Σ⋆ is recognized by an MFA i� L is regular.

Intuitively, an MFA can be viewed as a collection of DFAs that share the same transition structure
and set of �nal states, but di�er in their initial states. This makes MFAs exceptionally well suited for
parallel and distributed computation, as noted in, for example, [GK74, BBMR24, BBCRM26, Pol07],
and shown in Fig. 3.1. The following theorem proves that this intuition is correct.

Theorem 3.3 (Decomposition). Let M = ⟨Q,Σ, δ, I, F ⟩ be an MFA. For each i ∈ I, let Mi =
⟨Q,Σ, δ, i, F ⟩ denote the DFA obtained from M by taking i as the unique initial state. Then,

L(M) =
⋃
i∈I
L(Mi).

Proof. Let w ∈ Σ⋆. By de�nition, w ∈ L(M) i� there exists an initial state i ∈ I such that δ(i, w) ∈ F .
This holds i� there exists i ∈ I such that w ∈ L(Mi). Therefore, w ∈ L(M) i� w ∈

⋃
i∈I L(Mi).

Moreover, we note that MFAs generalize a class of automata previously studied by Gill and Kou [GK74,
GS76, VG79]. In that model, all states were required to be initial (i.e., I = Q), which restricts the
recognized languages to the class of su�x-closed regular languages. By allowing an arbitrary subset
of states to serve as initial states, we get a more general model of computation that still retains the
interesting properties of the earlier model, such as parallelization and limited nondeterminism.
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q1

M1

q2

M2
· · ·

qk

Mk

OROR

Figure 3.1: Paralel implementation of an MFA using a OR-gate

3.1 Determinization

As noted in Chapter 2, NFAs can be exponentially smaller than their minimal equivalent DFAs. It is
natural to ask whether the same holds for MFAs. Kappes [Kap00] answered this question a�rmatively
by presenting a modi�ed version of the powerset construction of Rabin and Scott [RS59]. Rather than
computing the entire powerset of the state space, this construction generates only those subsets whose
cardinality does not exceed the number of initial states, yielding an upper bound of

∑|I|
i=0

(
n
i

)
states.

Note that in the worst case, where all states are initial, this bound reduces to 2n, matching the upper
bound for NFAs. This bound had already been shown by Gill and Kou [GK74] and proved to be tight
independently by Veloso and Gill [VG79] and by Galil and Simon [GS76].

Moreover, Kappes [Kap00] proved that this general bound is tight for MFAs with any number of initial
states, over an alphabet of a growing size. Subsequently, Holzer et al. [HSY01] strengthened this result
by proving tightness over a binary alphabet using the family of MFAs depicted in Fig. 3.2.

Theorem 3.4. Let Mk = ⟨Q,Σ, δ, I, F ⟩ be an n-state, k-entry MFA. The DFA D(M) =
⟨Q′,Σ, δ′, I, F ′⟩, where

Q′ = {S ∈ 2Q | |S| ≤ k}
F ′ = {S ∈ Q′ | S ∩ F ̸= ∅}

δ′(S, σ) =
⋃
s∈S

δ(s, σ),

is equivalent to M , i.e. L(M) = L(D(M)).

0 1 2 · · · n− 2 n− 1
a

b

a

b

a

b

a a

b

a, b

Figure 3.2: n-state, k-initial MFA whose determination achieves a maximal blow-up

Another natural question to ask is whether MFAs o�er any gain in economy of description over NFAs.
Perhaps surprisingly, Kappes [Kap00] showed that NFAs can also be exponentially more succinct than
any equivalent MFA. To prove this, Kappes provided an algorithm that converts any n-state NFA
with �nite branching k, into an equivalent kn-state MFA with k initial states. Here branching refers
to the minimal amount of nondeterminism that an NFA N needs in order to recognize any word in
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L(N). Since converting an NFA with unbounded branching to one with �nite branching can incur in
an exponential blowup in the number of states [GKW90], the overall conversion from NFA to MFA is,
in the worst case, exponential.

3.2 Minimization

We now consider the problem of �nding state-minimal MFAs. In their seminal work, Gill and Kou [GK74]
established that minimal MFAs are not unique in general, by considering MFAs where all states are
initial. Later, Holzer et al. [HSY01] strengthened this result by demonstrating non-uniqueness for
MFAs with any number of initial states |I| ≥ 2 even over a unary alphabet.

0 1 2 3
a a a

0 1 2 3
a a a

Figure 3.3: Two minimal 4-state MFAs recognizing the same language

In the same paper, Holzer et al. [HSY01] also proved that MFA minimization is PSpace-complete
under logspace many-one reductions. Subsequently, Malcher [Mal04] re�ned their result by showing
that when the number of initial states is �xed, the problem becomes NP-complete. This mirrors the
behavior of the DFA-Intersection-Emptiness problem, used in the reduction of [HSY01], where
�xing the number of DFAs similarly reduces complexity from PSpace-complete to NP-complete.

This shows that even the most limited amounts of nondeterminism lead to the non-uniqueness of a
minimal automaton and to the computational intractability of the minimization proble. Thus, these
results provide compelling evidence that both uniqueness and tractability of minimization problems
are strongly related to determinism.



Chapter 4

MFA Operational State Complexity

In this chapter we explore the operational state complexity of multi-entry �nite automata. Following
the de�nitions of Section 2.3.3, the multi-entry state complexity of a regular language L ⊆ Σ⋆, denoted
by msc(L), is de�ned to be the number of states of a minimal MFA recognizing L. The multi-entry

operational state complexity of an operation is de�ned analogously to De�nition 2.9.

To prove that a given MFA is minimal, we make use of the following corollary that we derive from
Lemma 2.8 via the fact that any MFA is also an NFA:

Corollary 4.1. Let F be a fooling set for a regular language L ⊆ Σ⋆. Then every MFA for L has

at least |F| states.

As an example of how Corollary 4.1 can be used, let us prove the following technical lemma that we
will make use of in the proofs of Theorem 4.5 and Theorem 4.8:

Lemma 4.2. Let Lna = {w ∈ {a, b}⋆ | |w|a ∈ [n]}. Then, msc(Lna) = n+ 1.

Proof. Clearly, Lna is recognized by the (n+ 1)-state automaton of Fig. 4.1.

Consider the following set of n+ 1 pairs:

A = {⟨ai, an−i⟩ | i ∈ [n]}.

We will prove that A is a fooling set for Lna:

(F1) For any i, |aian−i|a = n. Therefore, the word belongs to Lna.
(F2) If j < i, then |aian−j |a = n+ i− j > n and the word does not belong to Lna.

This shows that A is a fooling set for Lna, which, by Corollary 4.1, proves the result.

0 1 · · · n− 1 n
a

b

a

b

a a

b b

Figure 4.1: (n+ 1)-state MFA recognizing Lna

4.1 Boolean Operations

We begin our investigation into the realm of multi-entry operational state complexity by considering
the three most common Boolean operations on automata: intersection, union, and complementation.
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4.1.1 Intersection

Let us start by considering the intersection operation. It is well known [YZS94, HK03] that both the
deterministic and nondeterministic state complexities of intersection achieve the same value of mn.
This suggests that the multi-entry state complexity should also be the same, and Theorem 4.5 proves
this claim.

Lemma 4.3. Let L1, L2 ⊆ Σ⋆ be two languages with msc(L1) = n and msc(L2) = m. Then, nm
states are su�cient for an MFA to recognize L1 ∩ L2.

Proof. Let M1 = ⟨Q1,Σ, δ1, I1, F1⟩ and M2 = ⟨Q2,Σ, δ2, I2, F2⟩ be two MFAs that recognize L1 and
L2, respectively. We de�ne a product automaton M = ⟨Q1 ×Q2,Σ, δ, I1 × I2, F1 × F2⟩, where

δ(⟨p, q⟩, σ) = ⟨δ1(p, σ), δ2(q, σ)⟩,

if both δ1(p, σ) and δ2(q, σ) are well-de�ned. Since both δ1 and δ2 are deterministic, δ is also deter-
ministic.

It is easy to see that L(M) = L1∩L2, since δ(⟨i1, i2⟩, w) ∈ F1×F2 i� δ1(i1, w) ∈ F1 and δ2(i2, w) ∈ F2,
for any word w ∈ Σ⋆ and initial states i1 ∈ I1 and i2 ∈ I2. This implies that the construction is correct,
thus establishing an upper bound for the multi-entry state complexity of intersection.

Lemma 4.4. Let L1, L2 ⊆ Σ⋆ be two languages with msc(L1) = n and msc(L2) = m. Then, nm
states are necessary, in the worst case, for an MFA to recognize L1 ∩ L2.

Proof. To prove that the bound of Lemma 4.3 is tight, consider the languages Lna = {w ∈ Σ⋆ | |w|a ∈
[n]} and Lmb = {w ∈ Σ⋆ | |w|b ∈ [m]} of Lemma 4.2. We want to prove that the set of pairs

A = {⟨aibj , an−ibm−j⟩ | i ∈ [n], j ∈ [m]}

is a fooling set for Lna ∩ Lmb:

(F1) For any ⟨i, j⟩, the word aibjan−ibm−j contains n occurrences of a and m occurrences of b. Thus,
the word belongs to Lna ∩ Lmb.

(F2) Let ⟨i, j⟩ ≠ ⟨k, ℓ⟩:

� If k < i, then |aibjan−kbm−ℓ|a = n+ (i− k) > n, so the word does not belong to Lna ∩ Lmb.
� If i = k and ℓ < j, then |aibjan−kbm−ℓ|b = m+ (j − ℓ) > m, and the word is not in Lna ∩ Lmb.

Therefore, A is a fooling set of size (m + 1)(n + 1) for Lna ∩ Lmb, and, by Corollary 4.1, any MFA
recognizing it requires at least (m+ 1)(n+ 1) states. This completes the proof.

From Lemmas 4.3 to 4.4, we get the following theorem:

Theorem 4.5 (Intersection). Let L1, L2 ⊆ Σ⋆ be two languages with msc(L1) = n and msc(L2) =
m. Then, msc(L1 ∩ L2) ≤ mn, and this bound is tight for |Σ| ≥ 2.

4.1.2 Union

The case for the union operation is slightly di�erent. The deterministic state complexity achieves the
same bound as intersection [YZS94], but nondeterminism allows us to reduce this value to n+m+ 1
in the case that we enforce a single initial state, and n+m in the general case [HSY01, HJM18]. This
raises the following question: is initial state nondeterminism enough to lower this bound? Theorem 4.8
answers this question positively.

Lemma 4.6. Let L1, L2 ⊆ Σ⋆ be two languages with msc(L1) = n and msc(L2) = m. Then, n+m
states are su�cient for an MFA to recognize L1 ∪ L2.
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Proof. Let M1 = ⟨Q1,Σ, δ1, I1, F1⟩ and M2 = ⟨Q2,Σ, δ2, I2, F2⟩ be MFAs that recognize L1 and L2, re-
spectively. Without loss of generality, we assume Q1 and Q2 are disjoint. We de�ne a union automaton
M = ⟨Q1 ∪Q2,Σ, δ, I1 ∪ I2, F1 ∪ F2⟩, where

δ(q, σ) =


δ1(q, σ) if q ∈ Q1 and δ1(q, σ) is well-de�ned

δ2(q, σ) if q ∈ Q2 and δ2(q, σ) is well-de�ned

⊥ otherwise

To prove the upper bound, we want to show that L(M) = L1 ∪ L2.

(=⇒) Let w ∈ L(M). By de�nition, δ(i, w) ∈ F1+F2 for some i ∈ I1+ I2. There are two possibilities:

1. If i ∈ I1, then δ(i, w) ∈ F1, so w ∈ L1,
2. If i ∈ I2, then δ(i, w) ∈ F2, so w ∈ L2.

Hence, w ∈ L1 ∪ L2.

(⇐=) Let w ∈ L1 ∪ L2. If w ∈ L1, then there exists an initial state i ∈ I1 such that δ1(i, w) ∈ F1.
Similarly, if w ∈ L2, then there exists an initial state i ∈ I2 such that δ2(i, w) ∈ F2. In either case, we
have that δ(i, w) ∈ F1 + F2 for some i ∈ I1 + I2, and thus w ∈ L(M).

Lemma 4.7. Let L1, L2 ⊆ Σ⋆ be two languages with msc(L1) = n and msc(L2) = m. Then, n+m
states are necessary, in the worst case, for an MFA to recognize L1 ∪ L2.

Proof. Consider again the witness families Lna and Lma used in the proof of Lemma 4.4. Let

A = {⟨ai, an−i⟩ | i ∈ [1, n]} ∪ {⟨an, an⟩}
B = {⟨bi, bm−i⟩ | i ∈ [1,m]} ∪ {⟨bm, bm⟩}

be two fooling sets of size n and m for Lna and Lmb, respectively. Since A and B are disjoint, their
union A∪B is a fooling set of size n+m for Lna∪Lmb. By Corollary 4.1, we conclude that the minimal
MFA recognizing Lna ∪ Lmb has, at least, n+m states, thus proving that the bound is tight.

Lemmas 4.6 to 4.7 establish the following result:

Theorem 4.8 (Union). Let L1, L2 ⊆ Σ⋆ be two languages with msc(L1) = n and msc(L2) = m.

Then, msc(L1 ∪ L2) ≤ m+ n, and this bound is tight for |Σ| ≥ 2.

4.1.3 Complementation

The last Boolean operation we consider is complementation. This operation is an entirely di�erent
beast: contrary to the other two, it is easy on DFAs, requiring no increase in the number of states, but
can be exponentially expensive for NFAs, requiring 2n states in the worst case [Jir05]. This raises the
following question: is this exponential blow-up an inherent consequence of any form of nondeterminism,
or is nondeterminism in the transition function itself necessary to achieve this bound?

We begin by establishing the same upper bound as in the general case for NFAs.

Lemma 4.9. Let L ⊆ Σ⋆ be a language with msc(L) = n. Then, 2n states are su�cient for an

MFA to recognize L.

Proof. Let M be an n-state MFA recognizing L. By applying the determinization construction of
Theorem 3.4, we obtain an equivalent DFA D(M) with at most 2n states. Complementation of a
DFA is achieved by swapping accepting and non-accepting states. The resulting DFA D(M) therefore
recognizes L and has at most 2n states.
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We now show that this bound is tight. To this end, consider the automata Mn = ⟨Q,Σ, δ, Q, F ⟩, of
Fig. 4.2, where Q = [n− 1], Σ = {a, b, c, d}, F = {n− 1}, and

δ(q, a) = q + 1 mod n (∀q ∈ [n− 1]),

δ(0, b) = 1, δ(1, b) = 0, δ(q, b) = q (∀q ∈ [2, n− 1]),

δ(n− 1, c) = 0, δ(q, c) = q (∀q ∈ [0, n− 2]),

δ(0, d) = 0.

Let M′n denote the restriction of Mn to the alphabet Σ′ = {a, b, c}. From an algebraic perspective,
the input symbols act as follows: a induces the cyclic shift (0, 1, . . . , n − 1), b induces the transpo-
sition (0, 1), and c induces the singular transformation

(
n−1
0

)
. Consequently, M′n is a variation of

Brzozowski's universal witness automaton [Brz12] in which all states are initial. In particular, the
associated semiautomaton coincides with that of the universal witnesses, and its transition semigroup
T (M′n) is therefore functionally complete as a consequence of a result of Piccard [Pic35] and Dénes
[Dén66].

0 1 2 · · · n− 2 n− 1
a, b

c, d

a

c
b

a

b, c

a a

b, c

a, c

b

Figure 4.2: Variation on Brzozowski's Universal Witness automatonMn

To establish tightness, we use the following lemma due to Hospodár et al. [HJM18].

Lemma 4.10. Let N be an n-state NFA in which every subset of the state set is reachable as well

as co-reachable. Then, every NFA for the complement of the language L(A) has at least 2n states.

In order to apply this lemma, we start by proving that all 2n subsets of states of Mn are reachable,
and then that they are co-reachable.

Lemma 4.11. If a subset S ⊆ Q is reachable, then all other subsets of the same cardinality are

also reachable.

Proof. Fix a reachable subset S ⊆ Q. Since S is reachable, there is a word w ∈ Σ⋆ such that
δ(Q,w) = S. Let T ⊆ Q be another subset with the same cardinality. There is a permutation π ∈ SQ
that maps S to T . SinceMn is functionally complete, there is a word v ∈ Σ⋆ whose action on the set
of states corresponds to π. Thus, δ(Q,wv) = T , and T is reachable.

Lemma 4.12. If a subset S ⊆ Q with |S| ≥ 2 is reachable, then all subsets of cardinality |S| − 1
are also reachable.

Proof. Fix a reachable subset S ⊆ Q with at least two elements p, q ∈ S. Since S is reachable, there
is a word w ∈ Σ⋆ such that δ(Q,w) = S. There is a permutation π ∈ SQ that maps p to 0, q to n− 1.
From functional completeness, we can establish the existence of a word v ∈ Σ⋆ whose action on the set
of states corresponds to π. Since c ∈ Σ maps both 0 and 1 to the same state, the set T = δ(Q,wvc) is
reachable and has cardinality |S| − 1.
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Since a set of cardinality |S| − 1 is reachable, then, by Lemma 4.11, all other subsets of the same
cardinality are reachable.

Now we are ready to prove the following:

Lemma 4.13. All 2n subsets of the state set ofMn are reachable.

Proof. Since all states are initial, the full set Q is reachable. By repeated application of Lemma 4.12, all
non-empty subsets are reachable. Finally, becauseMn is incomplete, the empty set is also reachable.

We now establish co-reachability.

Lemma 4.14. All 2n subsets of the state set ofMn are co-reachable.

Proof. Salomaa et al. [SWY04] showed that any automaton recognizing a non-empty, non-universal
language over an alphabet with at least three symbols has 2n co-reachable subsets of states, provided
its associated semiautomaton is functionally complete. Since M′n satis�es these conditions and co-
reachability is independent of the choice of initial states and the addition of a transition by d ∈ Σ, all
2n subsets of the state set ofMn are co-reachable.

An important consequence of this is the fact thatMn is minimal.

Lemma 4.15. The MFAMn is minimal

Proof. Hospodár et al. [HJM18] showed that a language L admits a fooling set of size n i� there
exists an NFA recognizing L in which every singleton set of states is both reachable and co-reachable.
Since every subset of states ofMn is both reachable and co-reachable, it follows in particular that all
singleton subsets satisfy this property. Hence, the language recognized byMn admits a fooling set of
size n. By Corollary 4.1, this implies thatMn is minimal.

Moreover, since all 2n subsets are both reachable and co-reachable, it follows from Lemma 4.10 that
the bound is tight.

Theorem 4.16 (Complementation). Let L ⊆ Σ⋆ be a language with msc(L) = n. Then, msc
(
L
)
≤

2n, and this bound is tight for |Σ| ≥ 4.

4.2 Closure Operations

The state complexities of the su�x, pre�x, and factor closure operations have been investigated in
detail by Brzozowski et al. [BJZ14] and Kao et al. [KRS09]. They established that, in the worst case,
the pre�x, su�x, and factor closure operations require 2n − 1, n, and 2n−1 states, respectively, when
applied to an n-state DFA. In this section we show that initial state nondeterminism alone is su�cient
to reduce all these bounds to n.

We start by establishing the upper bounds for all three operations.

Lemma 4.17. Let L ⊆ Σ⋆ be a language with msc(L) = n. Then, n states are su�cient for an

MFA to recognize Suff(L).

Proof. Let M = ⟨Q,Σ, δ, I, F ⟩ be an n-state MFA that recognizes L. We de�ne MS = ⟨Q,Σ, δ, I ′, F ⟩
to be the automaton constructed from M by making every reachable state initial. Let us start by
proving that L(MS) = Suff(L).
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(=⇒) Let w ∈ L(MS). Then, there exists an initial state i′ ∈ I ′ such that δ(i′, w) ∈ F . Since every
initial state is reachable in M , there is a word u ∈ Σ⋆ such that δ(i, u) = i′, thus δ(i, uw) ∈ F . This
means that uw ∈ L, and so w ∈ Suff(L).

(⇐=) Conversely, let w ∈ Suff(L). By de�nition, there exists a word u ∈ Σ⋆ such that uw ∈ L, i.e.,
δ(i, uw) ∈ F for some initial state i ∈ I. Since all reachable state in M are initial in MS , δ(i, u) ∈ I ′,
thus proving that w ∈ L(M).

Lemma 4.18. Let L ⊆ Σ⋆ be a language with msc(L) = n. Then, n states are su�cient for an

MFA to recognize Pref(L).

Proof. Let M = ⟨Q,Σ, δ, I, F ⟩ be an n-state MFA that recognizes L. We de�ne MP = ⟨Q,Σ, δ, I, F ′⟩
to be the automaton constructed from M by making every co-reachable state �nal. Let us start by
proving that L(MP ) = Pref(L).

(=⇒) Let w ∈ L(MP ). By de�nition, there is an initial state i ∈ I such that δ(i, w) ∈ F ′. Since every
�nal state of MS is co-reachable in M , there is a word u ∈ Σ⋆ such that δ(i, wu) ∈ F . This means
that wu ∈ L and, therefore, that w ∈ Pref(L).

(⇐=) Conversely, let w ∈ Pref(L). This means that there exists a word u ∈ Σ⋆ such that wu ∈ L,
i.e., δ(i, wu) ∈ F for some initial state i ∈ I. Since all co-reachable states in M are �nal in MS ,
δ(i, w) ∈ F ′, thus proving that w ∈ L(M).

Lemma 4.19. Let L ⊆ Σ⋆ be a language with msc(L) = n. Then, n states are su�cient for an

MFA to recognize Fact(L).

Proof. Let M = ⟨Q,Σ, δ, I, F ⟩ be an n-state MFA that recognizes L. We de�ne MF = ⟨Q,Σ, δ, I ′, F ′⟩
to be the automaton constructed fromM by making every reachable state initial and every co-reachable
state �nal. Let us start by proving that L(MF ) = Fact(L).

(=⇒) Let w ∈ L(MF ). By de�nition, there is an initial state i′ ∈ I ′ such that δ(i, w) ∈ F ′. Since
every initial state of MF is reachable in M and every �nal state of MF is co-reachable in M , there are
words u, v ∈ Σ⋆ such that δ(i, uwv) ∈ F for some initial state i ∈ I. This means that uwv ∈ L and,
therefore, that w ∈ Fact(L).

(⇐=) Conversely, let w ∈ Fact(L). This means that there are words u, v ∈ Σ⋆ such that uwv ∈ L,
i.e., δ(i, uwv) ∈ F for some initial state i ∈ I. Since all reachable states in M are initial in MF ,
δ(i, u) ∈ I ′. Similarly, since all co-reachable states in M are �nal in MF , δ(i, uw) ∈ F ′, thus proving
that w ∈ L(M).

The following lemma proves the tightness of the three upper bounds:

Lemma 4.20. Let L ⊆ Σ⋆ be a language with msc(L) = n. Then, n states are necessary, in the

worst case, for an MFA to recognize Suff(L), Pref(L), and Fact(L).

Proof. Let w ∈ Σ⋆ be a word of length n − 1, and let Mw be the linear n-state MFA recognizing the
singleton language {w}. By the constructions of Lemma 4.17, Lemma 4.18, and Lemma 4.19, we obtain
n-state MFAs MS , MP , and MF recognizing Suff({w}), Pref({w}), and Fact({w}), respectively.

We now prove that these automata are minimal. We start by noting that the four languages considered
are �nite and that the largest word that belongs to each of them is w. Suppose, for the sake of
contradiction, that there are MFAs recognizing these with less than n states. By the pigeonhole
principle, any accepting computation of w must visit some states more than once. This implies the
existence of a loop which we can iterate over and, thus, accept words of an arbitrary length. This
contradicts �niteness and, thus, such an automaton cannot exist. Hence, the automata Mw, MS , MP ,
and MF are minimal, and the bound of n states is tight.
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0 1 · · · n− 1
σ1 σ2 σn

0 1 · · · n− 1
σ1 σ2 σn

0 1 · · · n− 1
σ1 σ2 σn

0 1 · · · n− 1
σ1 σ2 σn

Figure 4.3: n-state automata Mw, MS , MP , MF , from left to right, top to bottom.

From Lemmas 4.17 to 4.20, we can directly conclude that:

Theorem 4.21. Let L ⊆ Σ⋆ be a language with msc(L) = n. Then, msc(Suff(L)) ≤ n,
msc(Pref(L)) ≤ n and msc(Fact(L)) ≤ n, and these bounds are tight for |Σ| ≥ 2.



Chapter 5

Decision Problems on MFA

The computational complexity of decision problems for �nite automata has been extensively stud-
ied [MS72, HK11]. For DFAs, many classical decision problems have e�cient algorithms, whereas
for NFAs the presence of unrestricted nondeterminism often leads to many of those problems becom-
ing computationally intractable in practice. In this chapter we investigate the complexity of several
decision problems for MFAs.

5.1 Emptiness

We begin by analyzing the complexity of deciding whether the language recognized by an MFA is empty.
Contrary to all other decision problems here considered, we show that initial state nondeterminism
does not a�ect the complexity of this problem.

Problem 5.1 (MFA-Emptiness).
Input:An MFA M = ⟨Q,Σ, δ, I, F ⟩.
Question: Does L(M) = ∅?

Theorem 5.2. MFA-Emptiness is NL-complete.

Proof. Since, by the Immerman-Szelepcsényi theorem [Imm88, Sze88], NL = coNL it su�ces to show
that the complementary problem, i.e., deciding whether L(M) ̸= ∅, is in NL.

Let M = ⟨Q,Σ, δ, I, F ⟩ be an n-state MFA. Notice that L(M) ̸= ∅ i� there exists a word labeling a
path that is both initial and �nal. A nondeterministic logspace machine can verify this property as
follows: it �rst guesses an initial state, then repeatedly guesses outgoing transitions, and accepts as
soon as a �nal state is reached. To ensure termination, the machine rejects if more than n transitions
are taken. This upper bound on the length of the accepting path is sound due to the fact that any
accepting path of a longer length must contain a loop, and, thus, can be shortened by removing said
loop.

The algorithm stores only the current state and a counter, requiring only O(log n) space. Hence, the
problem is in NL.

Hardness follows from the fact that the specialization of this problem to DFAs, DFA-Emptiness, is
well known to be NL-complete [Jon75]. Therefore, MFA-Emptiness is NL-hard.

From membership and hardness we can conclude that MFA-Emptiness is NL-complete.

5.2 Universality

We now turn to the universality problem, which asks whether a given automaton accepts all possible
words over its alphabet. Contrary to the previous problem, initial state nondeterminism is already
su�cient to make this problem computationally intractable.
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Problem 5.3 (MFA-Universality).
Input:An MFA M = ⟨Q,Σ, δ, I, F ⟩.
Question: Does L(M) = Σ⋆?

Theorem 5.4. MFA-Universality is PSpace-complete.

Proof. We �rst establish membership in PSpace. The corresponding problem for NFAs, NFA-
Universality, is known to be PSpace-complete [MS72]. Since MFAs form a subclass of NFAs,
the same upper bound applies. For completeness, an explicit algorithm for MFAs is presented in
Appendix A.

To prove hardness, we give a reduction from the DFA-Intersection-Emptiness problem (DIE),
which is known to be PSpace-complete. Let ⟨A1, . . . , Ak⟩ be an instance of DIE. By De Morgan's
laws, we have

Then, we prove hardness via a reduction from the DFA-Intersection-Emptiness problem (DIE),
which is known to be PSpace-complete [Koz77]. Let ⟨A1, · · · , Ak⟩ be an instance of the DIE

problem. By De Morgan's laws, we have

k⋂
i=1

L(Mi) = ∅ i�
k⋃

i=1

L(Mi) = Σ⋆.

By Theorem 3.3, the union of the complemented DFAs can be represented as an MFA accepting the
same language. Since complementation and union of DFAs can be performed in polynomial time on
the size of the input, MFA-Universality is PSpace-hard.

From membership and hardness we can conclude that MFA-Universality is PSpace-complete.

5.3 Inclusion

Finally, we consider the language inclusion problem for MFAs, which generalizes universality and is
central in many veri�cation tasks. Similarly to the universality problem, initial state nondeterminism
makes this problem much harder.

Problem 5.5 (MFA-Inclusion).
Input:Two MFA M1 = ⟨Q1,Σ, δ1, I1, F1⟩ and M2 = ⟨Q2,Σ, δ2, I2, F2⟩.
Question: Does L(M1) ⊆ L(M2)?

Theorem 5.6. MFA-Inclusion is PSpace-complete

Proof. Membership in PSpace follows from the fact that the corresponding problem for NFAs, NFA-
Inclusion, is PSpace-complete [MS72]. As before, since MFAs are a special case of NFAs, the
same upper bound applies. An explicit algorithm is given in Appendix A.

For hardness, we provide a polynomial-time reduction from the MFA-Universality problem, which
we have already established as PSpace-complete in Theorem 5.4. Given an MFA M over Σ, we
construct an instance ⟨U,M⟩ of MFA-Inclusion, where U is a �xed MFA such that L(U) = Σ⋆.
Clearly,

L(U) ⊆ L(M) i� L(M) = Σ⋆.

The construction of U can be performed in constant time. Hence, MFA-Inclusion is PSpace-hard.

We conclude that MFA-Inclusion is PSpace-complete.



Chapter 6

Conclusion

In this report, we investigated multi-entry �nite automata (MFAs), a relatively underexplored model of
computation characterized by a very limited form of nondeterminism. MFAs are particularly appealing
due to their balance between expressiveness and ease of implementation, making them a promising
candidate for e�cient implementation and parallelization.

The �rst part of this work surveyed and systematized the existing results on MFAs, establishing
the necessary foundations for our subsequent analysis. Building on this background knowledge, we
studied the operational state complexity of the standard language-theoretic operations when applied
to MFAs. Let L1, L2 ⊆ Σ⋆ be two regular languages recognized by the MFAs M1 = ⟨Q1,Σ, δ1, I1, F1⟩
and M2 = ⟨Q2,Σ, δ2, I2, F2⟩, respectively. Let |Q1| = n, |Q2| = m, |F1| = f , |F1 \ I1| = ℓ and |I2| = k.
Our results are summarized in Table 6.1.

DFA MFA NFA

L1 ∩ L2 nm nm nm

L1 ∪ L2 nm n+m n+m

L n 2n 2n

Suff(L) 2n − 1 n n

Pref(L) n n n

Fact(L) 2n−1 n n

L1L2 n2m − f2m−1 ≤ n2m − f2m−k n+m

LR 2n ≤ 2n n

L⋆ 2n−1 − 2n−l−1 ≤ 2n + 1 n+ 1

L+ 2n−1 − 2n−l−1 − 1 ≤ 2n n

Table 6.1: Summary of operational state complexity results

In particular, we would like to point out that the limited kind of nondeterminism available to MFAs
su�ces to improve the operational state complexity bounds for the union, and the su�x and factor
closure operations, while preserving the bounds for intersection and pre�x closure. Unfortunately, even
this small amount of nondeterminism seems to be su�cient to make complementation as di�cult as for
the general case for NFAs. For the operations of concatenation, reversal, Kleene star and Kleene plus
we were only able to prove an upper bound. Although we couldn't prove their tightness we conjecture
that these bounds are tight and, at least, signi�cantly worse than their NFA counterparts.

In the �nal part of the report, we examined the computational complexity of fundamental decision
problems for MFAs. As summarized in Table 6.2, while emptiness remains NL-complete, problems
such as universality, inclusion, and minimization become PSpace-complete. This sharp increase in
complexity suggests that even the most limited amount of nondeterminism can dramatically jeopardize
the computational tractability of these problems.

As future work, we would like to improve our operational state complexity results. Namely, we would
like to prove tight lower bounds for the concatenation, reversal, Kleene star and Kleene plus operations
and to prove the existence (or non-existence) of binary or ternary witnesses for complementation.
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DFA MFA NFA

Emptiness NL-complete NL-complete NL-complete

Universality NL-complete PSpace-complete PSpace-complete

Inclusion P PSpace-complete PSpace-complete

Minimization P PSpace-complete PSpace-complete

Table 6.2: Summary of the complexity of decision problems for MFAs

Furthermore, extending our results to the unary case may reveal signi�cantly di�erent behavior, as is
often observed in other automata models [GMRY16]. Finally, developing uniform random generation
methods for MFAs, similar to the ones that exist for other classes of automata such as ICDFAs
[AMR07], FIFAs [FMR18], and WDFAs [BCK+24], would provide valuable tools for experimental and
average-case analysis.

Overall, this work contributes to a deeper understanding of the structural and complexity-theoretic
properties of MFAs, positioning them as an intermediate model between the fully deterministic DFAs
and the fully nondeterministic NFAs.
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Appendix A

Decision Algorithms

In this appendix, we present explicit algorithms for the decision problems studied in Chapter 5. The
purpose is twofold: �rst to make the complexity arguments fully explicit, and, second, to provide
concrete algorithms formulations that may serve as a basis for further research.

While the algorithms we present are asymptotically optimal in the worst case, prior work on NFAs
indicates that signi�cant improvements may be possible on average. This has been a proli�c line of
research, largely motivated by applications in model checking and formal veri�cation.

Throughout, we give algorithms for the complements of the problems under consideration. Since nonde-
terministic and deterministic space complexity classes are closed under complement by the Immerman-
Szelepcsényi Theorem [Imm88, Sze88], this su�ces to establish membership in the stated classes.

A.1 Emptiness

We �rst consider the emptiness problem. Rather than deciding emptiness directly, we give a nonde-
terministic procedure for MFA-NonEmptiness, i.e., determining whether L(M) ̸= ∅.

The algorithm nondeterministically guesses a path starting from an initial state and checks whether
an accepting state is reachable within |Q| steps. This bound su�ces because any accepting path of a
greater length must revisit a state, and the resulting cycle can be removed without a�ecting acceptance.

Input: MFA M = ⟨Q,Σ, δ, I, F ⟩
Output: Does L(M) ̸= ∅?
guess q ∈ I;
repeat |Q| times

if q ∈ F then

return true;
end

guess σ ∈ Σ;
q ← δ(q, σ);

end

return false;
Algorithm 1: Decision procedure for MFA-NonEmptyness

The algorithm stores only the current state and counter, requiring O(log |Q|) space. Hence, MFA-

Emptiness belongs to NL.

A.2 Universality

We next consider the universality problem. We present an algorithm for MFA-NonUniversality,
i.e., deciding whether L(M) ̸= Σ⋆.

The algorithm performs an on-the-�y subset construction. If M is not universal, then there exists
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a word whose corresponding reachable subset of states contains no accepting state. The algorithm
nondeterministically explores reachable subsets and checks for such a rejecting subset. The search
depth is bounded by 2|Q|.

Input: MFA M = ⟨Q,Σ, δ, I, F ⟩
Output: Does L(M) ̸= Σ⋆?
S = I;
repeat 2|Q| times

if S ∩ F = ∅ then
return true;

end

guess σ ∈ Σ;
S ← δ(S, σ);

end

return false;
Algorithm 2: Decision procedure for MFA-NonUniversality

The subset S of active states requiresO(|Q|) bits, as does the counter. Therefore,MFA-Universality

is in NPSpace, and by Savitch's Theorem [Sav70], also in PSpace.

A.3 Inclusion

Finally, we consider the inclusion problem for two MFAs. We give a procedure forMFA-NonInclusion,
i.e., deciding whether L(M1) ̸⊆ L(M2).

Notice that L(M1) ̸⊆ L(M2) i� L(M1) ∩ L(M2) ̸= ∅. Accordingly, the algorithm nondeterministically
guesses a word that is accepted by M1 while being rejected along all possible runs of M2. This is
achieved by simultaneously tracking a single state of M1 and the subset of possible states of M2. The
search depth is bounded by |Q1| · 2|Q2|.

Input: Two MFAs M1 = ⟨Q1,Σ, δ1, I1, F1⟩ and M2 = ⟨Q2,Σ, δ2, I2, F2⟩
Output: Does L(M1) ̸⊆ L(M2)?
guess q ∈ I1;
S = I2;
repeat |Q1| · 2|Q2| times

if q ∈ F1 ∧ S ∩ F2 = ∅ then
return true;

end

guess σ ∈ Σ;
q ← δ1(q, σ);
S ← δ2(S, σ);

end

return false;
Algorithm 3: Decision procedure for MFA-NonInclusion

The algorithm stores a state of M1, a subset of states of M2, and a counter, using O(log |Q1| + |Q2|)
space overall. Thus,MFA-Inclusion belongs to NPSpace, and hence, by Savitch's Theorem [Sav70],
to PSpace.



Appendix B

Upper Bounds for Other Operations

In this Appendix, we establish upper bounds for the multi-entry state complexity of the concatenation,
reversal and star operations. Unfortunately, we were not able to prove the tightness of the upper
bounds, but conjecture that they are tight due to the fact that the known constructions for NFAs
make extensive use of nondeterminism.

B.1 Concatenation

We start by considering the concatenation operation.

Theorem B.1 (Concatenation). Let L1, L2 ⊆ Σ⋆ be regular languages such that L1 is recognized

by an n-state MFA with f �nal states and L2 is recognized by an m-state MFA with k initial states.

Then, n2m − f2m−k states are su�cient for an MFA to recognize L1L2.

Proof. Let M1 = ⟨Q1,Σ, δ1, I1, F1⟩ and M2 = ⟨Q2,Σ, δ2, I2, F2⟩ be two MFA such that L(M1) = L1,
L(M2) = L2, |Q1| = n, |Q2| = m, |F1| = f , and |I2| = k.

We construct an MFA recognizing L1L2. Let M = ⟨Q,Σ, δ, I, F ⟩, where

Q = Q1 × 2Q2 \ F1 × 2Q2\I2

I = {⟨i, ∅⟩ ∈ Q | i ∈ I1 \ F1} ∪ {⟨i, I2⟩ ∈ Q | i ∈ I1 ∩ F1}
F = {⟨q, S⟩ ∈ Q | S ∩ F2 ̸= ∅}

δ(⟨q, S⟩, σ) =


⟨δ1(q, σ), δ2(S, σ) ∪ I2⟩ if δ1(q, σ) ∈ F1 and is well-de�ned

⟨δ1(q, σ), δ2(S, σ)⟩ if δ1(q, σ) /∈ F1 and is well-de�ned

⊥ otherwise

To prove the upper bound, we want to show that L(M) = L1L2.

(=⇒) Let w ∈ L(M). By de�nition there exists an initial state ⟨i, S⟩ ∈ I such that δ(⟨i, S⟩, w) ∈ F . If
i ∈ F1, then ε ∈ L1, w ∈ L2 and, thus, w ∈ L1L2. Otherwise, if i /∈ F1, then there are words u, v ∈ Σ⋆

such that w = uv, δ1(i, u) ∈ F1 and δ2(I2, v) ∩ F2 ̸= ∅. Thus, since u ∈ L1 and v ∈ L2, w ∈ L1L2.

(⇐=) Let w ∈ L1L2. By de�nition there are words u ∈ L1 and v ∈ L2, such that uv = w. This means
that δ1(i, u) ∈ F1, for some initial state i ∈ I1, and δ2(I2, v) ∩ F2 ̸= ∅. Thus, there is an initial state
⟨i, S⟩ ∈ I such that δ(⟨i, S⟩, uv) ∈ F , i.e., w ∈ L(M).

Since |M | = n2m − f2m−k, this completes the proof.

B.2 Reversal

Next, we consider the reversal operation.
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Theorem B.2 (Reversal). Let L ⊆ Σ⋆ be a language with msc(L) = n. Then, 2n states are

su�cient for an MFA to recognize LR.

Proof. Let M = ⟨Q,Σ, δ, I, F ⟩ be an n-state MFA such that L(M) = L. It is trivial to see that
L
(
D
(
MR

))
= LR. Since, in the worst case, |D

(
MR

)
| = 2n, this proves the upper bound.

B.3 Kleene Star and Kleene Plus

Lastly, we consider the Kleene star and Kleene plus operation.

Theorem B.3 (Star and Plus). Let L ⊆ Σ⋆ be a language with msc(L) = n. Then, 2n + 1 (resp.

2n) states are su�cient for an MFA to recognize L⋆ (resp. L+).

Proof. Let M = ⟨Q,Σ, δ, I, F ⟩ be an n-state MFA such that L(M) = L. Let N = ⟨Q,Σ, δ′, I, F ⟩,
where

δ′(q, σ) =


{δ(q, σ)} if q /∈ F and δ(q, σ) is well-de�ned

{δ(q, σ)} ∪ δ(I, σ) if q ∈ F and δ(q, σ) is well-de�ned

δ(I, σ) if q ∈ F and δ(q, σ) is not well-de�ned

⊥ otherwise.

It is straightforward to verify that L(N) = L(M)+. This construction is a direct analogue of the
standard NFA construction for the Kleene plus operation as presented by Holzer and Kutrib [HK03].
As noted by them, the same construction yields the Kleene star operation i� ε ∈ L(M).

The stated upper bound for the plus operation follows by determinizing N , yielding the automaton
D(N) with at most 2n states. For the star operation, the bound of 2n+1 states is obtained by adding
a new initial and �nal state to D(N) that has no incoming or outgoing transitions.
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