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Abstract

Multi-entry �nite automata (MDFAs) are a generalization of DFAs
that allow for an arbitrary number of initial states. This paper ex-
tends existing research onMDFAs by studying their operational state
complexity and the computational complexity of their associated de-
cision problems. In particular, we analyze the cost on the number of
states of the standard language-theoretic operations when performed
on MDFAs and compare these results with the well known complexi-
ties for DFAs and NFAs. Additionally, we also analyze the complex-
ity of deciding the membership, emptiness, universality and inclusion
problems for MDFAs. Our �ndings contribute to a deeper under-
standing of the role that nondeterminism plays in the computational
di�culty of certain problems.

Keywords: Limited Nondeterminism, Operational State Complexity,
Automata Theory.

1 Introduction

As the saying goes, "with great power there must also come great responsi-
bility" [21], and nondeterminism is no exception. While NFAs can be expo-
nentially more succinct than their deterministic counterparts, this expressive
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power comes at the cost of rendering most decision problems intractable.
This tension has motivated the study of automata models in which only
limited forms of nondeterminism are permitted.

Among the most natural of such restrictions is limiting nondeterminism to the
choice of initial states, giving rise to Multi-entry Finite Automata (MDFA).
In this model, the transition function remains fully deterministic, while the
computation may begin in any one of the initial states. This model was �rst
studied by Gill and Kou [8], who considered the special case in which every
state is initial. Unfortunately, this restriction is too strong. The fact that
this restricts the acceptable languages to a proper subclass of the regular
languages, motivated Kappes [19] and Holzer et al. [12] to investigate the
general case.

Despite their highly restricted form of nondeterminism, MDFAs already ex-
hibit several properties that are present in NFAs. Kappes and Holzer et
al. demonstrated that MDFAs can be exponentially more succinct than
DFAs, via a modi�ed powerset construction. Holzer et al. further estab-
lished that MDFA minimization is PSpace-complete. This was subse-
quently strengthened by Malcher [24], who showed that even if the number
of initial states is �xed �nding a minimal MDFA is still NP-complete.

What makes MDFAs particularly appealing is that, since they can be seen
as a collection of identical DFAs that only di�er in their initial states, they
are exceptionally well suited for parallel and distributed implementation [8,
3, 4]. Despite this practical appeal, the theory of MDFAs remains largely
unexplored.

In this paper, we address this gap by investigating the operational and
computational complexities of MDFAs. Section 2 �xes the de�nitions and
notation used throughout the rest of the paper. Section 2.1 formally in-
troduces MDFAs. Section 3 analyzes the operational state complexity of
standard language-theoretic operations on MDFAs. Finally, Section 4 es-
tablishes the computational complexity of deciding the emptiness, univer-
sality, and inclusion problems for MDFAs. All algorithms and construc-
tions have been implemented in the FAdo [27] system and are available at
https://codeberg.org/tttardigrado/mdfa-fado.

2 Preliminaries

We assume that the reader is familiar with the basic notions of automata
and formal language theory. For details, we refer the reader to [13, 32].
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Let Σ be a �nite non-empty alphabet of symbols. A word w is a sequence of
symbols of Σ. A language L is a set of words. The set of all words over Σ is
Σ⋆. The length of a word w ∈ Σ⋆ is |w|, the number of occurrences of a ∈ Σ
in w ∈ Σ⋆ is |w|a, and ε is the empty word. Given two integers i, j ∈ Z, let
[i, j] := {k ∈ Z | i ≤ k ≤ j}, and [j] := [0, i]. The cardinality of a set S is
|S|, and its powerset is 2S.

A nondeterministic �nite automaton (NFA) is a 5-tuple N = ⟨Q,Σ, δ, I, F ⟩,
where Q is a �nite set of states, Σ is a �nite alphabet, δ : Q×Σ → 2Q is the
transition relation, I ⊆ Q is the set of initial states, and F ⊆ Q is the set of
�nal states. The function δ is extended to 2Q × Σ⋆ in the natural way. The
language accepted by N is L(N) = {w ∈ Σ⋆ | δ(I, w) ∩ F ̸= ∅}. Two NFAs
are equivalent if they accept the same language.

A state q is said to be reachable (resp. co-reachable) if there is a word w ∈ Σ⋆

such that q ∈ δ(I, w) (resp. δ(q, w) ∩ F ̸= ∅). An NFA is reachable (resp.
co-reachable) if all of its states are reachable (resp. co-reachable). If an NFA
is both reachable and co-reachable, then it is trim. The reversal of N is the
NFA NR = ⟨Q,Σ, δR, F, I⟩, where δR(q, σ) = {p | q ∈ δ(p, σ)}, obtained by
reversing the transitions, and swapping initial and �nal states.

The NFA N is deterministic (DFA) if it has a single initial state, i.e. |I| = 1,
and all transitions are deterministic, i.e. |δ(q, σ)| ≤ 1, for all q ∈ Q and
σ ∈ Σ. Note that our de�nition allows for DFAs with a partial transition
function. An NFA N can be converted into an equivalent DFA D(N) =
⟨2Q,Σ, δ, I, {S | S ∩ F ̸= ∅}⟩ by using the powerset construction.

A DFA without initial or �nal states A = ⟨Q,Σ, δ⟩ is called a semiautoma-

ton [29]. The semigroup T (A) generated by the set {δ(−, σ) | σ ∈ Σ} and
with composition is said to be the transition semigroup induced by A. If the
transition semigroup is isomorphic to the full transformation semigroup on
Q, we say that it is functionally complete.

An NFA is minimal if it has the minimal number of states of all equivalent
NFAs. The nondeterministic state complexity of a language L, nsc(L), is the
number of states of its minimal NFA (normally considering |I| = 1). The
operational state complexity of a k-ary operation ⊗ is the maximal nonde-
terministic state complexity of the languages ⊗(L1, · · · , Lk) as a function of
the (nondeterministic state) complexities of L1, · · · , Lk.

To prove minimality of NFAs, we use fooling sets [1, 2, 9]. A set of pairs
of words F = {⟨xi, yi⟩ | i ∈ [1, n]}, for n ≥ 1, is called a fooling set for a
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language L ⊆ Σ⋆ if for each i, j ∈ [1, n]:

xiyi ∈ L (F1)

i ̸= j =⇒ xiyj /∈ L ∨ xjyi /∈ L (F2)

Lemma 2.1 (Birget [1]). Let F be a fooling set for a regular language L.
Then every NFA for L has at least |F| states.

2.1 Multi-entry Finite Automata

The de�nition of DFAs as a restriction of NFAs imposing both a determin-
istic transition function and a single initial state naturally raises the question
of what would be the properties of the models that arise by lifting only one
of these constraints. This motivates the following de�nition:

A Multi-entry �nite automaton (MDFA) is a 5-tuple M = ⟨Q,Σ, δ, I, F ⟩,
where Q is a �nite set of states, Σ is a �nite alphabet, δ : Q × Σ → Q is
a deterministic transition function, I ⊆ Q is the set of initial states, and
F ⊆ Q is the set of �nal states.

The language accepted by an MDFA M is L(M) = {w ∈ Σ⋆ | δ(I, w)∩ F ̸=
∅}. The notions of equivalence, and minimality for MDFAs are de�ned
analogously to those for NFAs.

3 Multi-entry Operational State Complexity

In this section we explore the operational state complexity of MDFAs. Fol-
lowing the de�nitions of Section 2, the multi-entry state complexity of a
regular language L, msc(L), is de�ned as the number of states of a minimal
MDFA recognizing L. The multi-entry operational state complexity of an
operation is de�ned analogously to the nondeterministic case.

SinceMDFAs are a special case of NFAs, Lemma 2.1 guarantees that fooling
sets are an e�ective method to prove the minimality of MDFAs, as exempli-
�ed by the following lemma:

Lemma 3.1. Let n ≥ 2. Let Lna = {w ∈ {a, b}⋆ | |w|a ∈ [n]}. Then,

msc(Lna) = n+ 1.

Proof. Clearly, Lna is recognized by the (n + 1)-state automaton of Fig. 1.
Consider the following set of n+ 1 pairs:

A = {⟨ai, an−i⟩ | i ∈ [n]}.
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We will prove that A is a fooling set for Lna: (F1) For any i, the word aian−i

satis�es |aian−i|a = n. Therefore, it belongs to Lna. (F2) If j < i, then
|aian−j|a = n + i− j > n and the word does not belong to Lna. This shows
that A is a fooling set for Lna, which proves the result.

0 1 · · · n− 1 n
a

b

a

b

a a

b b

Figure 1: (n+ 1)-state MDFA recognizing Lna

3.1 Intersection and Union

Let us start by considering the intersection operation. It is well known [33,
11] that both the deterministic and nondeterministic state complexities of
intersection achieve the same value of mn, where m and n are the number of
states of the automata of the operands. This suggests that the multi-entry
state complexity should also be the same, and Theorem 3.1 proves this claim.

Lemma 3.2. Let L1, L2 ⊆ Σ⋆ be two languages with msc(L1) ≤ n and

msc(L2) ≤ m, for n,m ≥ 1. Then, nm states are su�cient for an MDFA

to recognize L1 ∩ L2.

Proof. LetM1 = ⟨Q1,Σ, δ1, I1, F1⟩ andM2 = ⟨Q2,Σ, δ2, I2, F2⟩ be twoMDFAs
that recognize L1 and L2, respectively. We de�ne a product automaton
M = ⟨Q1 ×Q2,Σ, δ, I1 × I2, F1 × F2⟩, where

δ(⟨p, q⟩, σ) = ⟨δ1(p, σ), δ2(q, σ)⟩,
if both δ1(p, σ) and δ2(q, σ) are well-de�ned. Since both δ1 and δ2 are deter-
ministic, δ is also deterministic.

It is easy to see that L(M) = L1 ∩ L2, since δ(⟨i1, i2⟩, w) ∈ F1 × F2 i�
δ1(i1, w) ∈ F1 and δ2(i2, w) ∈ F2, for any word w ∈ Σ⋆ and initial states i1 ∈
I1 and i2 ∈ I2. This implies that the construction is correct, thus establishing
an upper bound for the multi-entry state complexity of intersection.

Lemma 3.3. Let n,m ≥ 2. Let L1, L2 ⊆ Σ⋆ be two languages with msc(L1) ≤
n and msc(L2) ≤ m. Then, nm states are necessary, in the worst case, for

an MDFA to recognize L1 ∩ L2.
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Proof. To prove that the bound of Lemma 3.2 is tight, consider the languages
Lna = {w ∈ {a, b}⋆ | |w|a ∈ [n]} and Lmb = {w ∈ {a, b}⋆ | |w|b ∈ [m]} of
Lemma 3.1. We want to prove that the set of pairs

A = {⟨aibj, an−ibm−j⟩ | i ∈ [n], j ∈ [m]}

is a fooling set for Lna ∩ Lmb: (F1) For any ⟨i, j⟩, the word aibjan−ibm−j

contains n occurrences of a and m occurrences of b. Thus, the word belongs
to Lna ∩ Lmb. (F2) Let ⟨i, j⟩ ≠ ⟨k, ℓ⟩: If k < i, then |aibjan−kbm−ℓ|a =
n+(i−k) > n, so the word does not belong to Lna∩Lmb. If i = k and ℓ < j,
then |aibjan−kbm−ℓ|b = m + (j − ℓ) > m, and the word is not in Lna ∩ Lmb.
Therefore, A is a fooling set of size (m + 1)(n + 1) for Lna ∩ Lmb, and any
MDFA recognizing it requires at least (m+ 1)(n+ 1) states.

From Lemmas 3.2 to 3.3, we get the following theorem:

Theorem 3.1 (Intersection). Let n,m ≥ 2. Let L1, L2 ⊆ Σ⋆ be two languages

with msc(L1) ≤ n and msc(L2) ≤ m, for n,m ≥ 1. Then, msc(L1 ∩ L2) ≤
mn, and this bound is tight for |Σ| ≥ 2.

The case for the union operation is slightly di�erent. The deterministic state
complexity achieves the same bound as intersection [33], but nondeterminism
allows us to reduce this value to n + m + 1 in the case that we enforce
a single initial state, and n + m in the general case [12, 14]. This raises
the following question: is initial state nondeterminism enough to lower this
bound? Theorem 3.2 answers this question positively.

Lemma 3.4. Let L1, L2 ⊆ Σ⋆ be two languages with msc(L1) ≤ n and

msc(L2) ≤ m. Then, n + m states are su�cient for an MDFA to recog-

nize L1 ∪ L2.

Proof. Let M1 = ⟨Q1,Σ, δ1, I1, F1⟩ and M2 = ⟨Q2,Σ, δ2, I2, F2⟩ be MDFAs
that recognize L1 and L2, respectively. Without loss of generality, we assume
Q1 and Q2 are disjoint. We de�ne a union automatonM = ⟨Q1∪Q2,Σ, δ, I1∪
I2, F1 ∪ F2⟩, where

δ(q, σ) =


δ1(q, σ) if q ∈ Q1 and δ1(q, σ) is well-de�ned

δ2(q, σ) if q ∈ Q2 and δ2(q, σ) is well-de�ned

⊥ otherwise

To prove the upper bound, we want to show that L(M) = L1 ∪ L2.

(=⇒) Let w ∈ L(M). By de�nition, δ(i, w) ∈ F1 + F2 for some i ∈ I1 + I2.
There are two possibilities:
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1. If i ∈ I1, then δ(i, w) ∈ F1, so w ∈ L1,

2. If i ∈ I2, then δ(i, w) ∈ F2, so w ∈ L2.

Hence, w ∈ L1 ∪ L2.

(⇐=) Let w ∈ L1 ∪ L2. If w ∈ L1, then there exists an initial state i ∈ I1
such that δ1(i, w) ∈ F1. Similarly, if w ∈ L2, then there exists an initial state
i ∈ I2 such that δ2(i, w) ∈ F2. In either case, we have that δ(i, w) ∈ F1 + F2

for some i ∈ I1 + I2, and thus w ∈ L(M).

Lemma 3.5. Let n,m ≥ 2. Let L1, L2 ⊆ Σ⋆ be two languages with msc(L1) ≤
n and msc(L2) ≤ m. Then, n + m states are necessary, in the worst case,

for an MDFA to recognize L1 ∪ L2.

Proof. Consider again the witness families Lna and Lmb used in the proof of
Lemma 3.3. Let

A = {⟨ai, an−i⟩ | i ∈ [1, n]} ∪ {⟨an, an⟩}
B = {⟨bi, bm−i⟩ | i ∈ [1,m]} ∪ {⟨bm, bm⟩}

be two fooling sets of size n + 1 and m + 1 for Lna and Lmb, respectively.
Since A and B are disjoint, their union A ∪ B is a fooling set of size (n +
1) + (m + 1) for Lna ∪ Lmb. By Lemma 2.1, we conclude that the minimal
MDFA recognizing Lna ∪ Lmb has, at least, (n + 1) + (m + 1) states, thus
proving that the bound is tight.

Lemmas 3.4 to 3.5 establish the following result:

Theorem 3.2 (Union). Let n,m ≥ 2. Let L1, L2 ⊆ Σ⋆ be two languages

with msc(L1) ≤ n and msc(L2) ≤ m. Then, msc(L1 ∪ L2) ≤ m+ n, and this

bound is tight for |Σ| ≥ 2.

3.2 Complementation

The last Boolean operation we consider is complementation. This operation
is an entirely di�erent beast: contrary to the other two, it is easy on DFAs,
requiring no increase in the number of states, but can be exponentially ex-
pensive for NFAs, requiring 2n states in the worst case [16]. This raises the
following question: is this exponential blow-up an inherent consequence of
any form of nondeterminism, or is nondeterminism in the transition function

itself necessary to achieve this bound? We begin by establishing the same
upper bound as in the general case for NFAs.
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0 1 2 · · · n− 2 n− 1
a, b

c, d

a

c
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a

b, c
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b, c

a, c

b

Figure 2: Variation on Brzozowski's Universal Witness automaton Mn

Lemma 3.6. Let L ⊆ Σ⋆ be a language with msc(L) ≤ n. Then, 2n states

are su�cient for an MDFA to recognize L.

Proof. Let M be an n-stateMDFA recognizing L. By applying the powerset
construction to M , we obtain an equivalent DFA D(M) with at most 2n − 1
states. Complementation of an (incomplete) DFA is achieved by adding a
sink state and swapping �nal and non-�nal states. The resulting DFA D(M)
therefore recognizes L and has at most 2n states.

We now show that this bound is tight. Let n ≥ 3. Consider the automata
Mn = ⟨Q,Σ, δ, Q, F ⟩, of Fig. 2, where for n ≥ 3, Q = [n−1], Σ = {a, b, c, d},
F = {n− 1}, and

δ(q, a) = (q + 1) mod n (∀q ∈ [n− 1]),

δ(0, b) = 1, δ(1, b) = 0, δ(q, b) = q (∀q ∈ [2, n− 1]),

δ(n− 1, c) = 0, δ(q, c) = q (∀q ∈ [0, n− 2]),

δ(0, d) = 0.

Let M′
n denote the restriction of Mn to the alphabet Σ′ = {a, b, c}. From an

algebraic perspective, the input symbols act as follows: a induces the cyclic
shift (0, 1, . . . , n−1), b induces the transposition (0, 1), and c induces the sin-
gular transformation

(
n−1
0

)
. Consequently, M′

n is a variation of Brzozowski's
universal witness automaton [5] in which all states are initial. In particular,
the associated semiautomaton coincides with that of the universal witnesses,
and its transition semigroup T (M′

n) is therefore functionally complete as a
consequence of a result of Piccard [28] and Dénes [7].

To establish tightness, we use the following lemma due to Hospodár et al. [14,
Lemma 5].
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Lemma 3.7 (Hospodár et al.). Let N be an n-state NFA in which every

subset of the state set is reachable as well as co-reachable. Then, every NFA

for the complement of the language L(N) has at least 2n states.

In order to apply this lemma, we start by proving that all 2n subsets of states
of Mn are reachable, and then that they are co-reachable.

Lemma 3.8. Consider the automaton Mn. If a subset S ⊆ Q is reachable,

then all other subsets of the same cardinality are also reachable.

Proof. Fix a reachable subset S ⊆ Q. Since S is reachable, there is a word
w ∈ Σ⋆ such that δ(Q,w) = S. Let T ⊆ Q be another subset with the same
cardinality. There is a Q permutation π that maps S to T . Since Mn is
functionally complete, there is a word v ∈ Σ⋆ whose action on the set of
states corresponds to π. Thus, δ(Q,wv) = T , and T is reachable.

Lemma 3.9. Consider the automaton Mn. If a subset S ⊆ Q with |S| ≥ 2
is reachable, then all subsets of cardinality |S| − 1 are also reachable.

Proof. Fix a reachable subset S ⊆ Q with at least two elements p, q ∈ S.
Since S is reachable, there is a word w ∈ Σ⋆ such that δ(Q,w) = S. There is a
Q permutation π that maps p to 0, q to n−1. From functional completeness,
we can establish the existence of a word v ∈ Σ⋆ whose action on the set of
states corresponds to π. Since c ∈ Σ maps both 0 and 1 to the same state,
the set T = δ(Q,wvc) is reachable and has cardinality |S| − 1. Since a set of
cardinality |S| − 1 is reachable, then, by Lemma 3.8, all other subsets of the
same cardinality are reachable.

Since all states are initial, the full set Q is reachable. By repeated appli-
cation of Lemma 3.9, all non-empty subsets are reachable. Because Mn

is incomplete, the empty set is also reachable, and we can state the follow
Lemma:

Lemma 3.10. All 2n subsets of the state set of Mn are reachable.

We now establish co-reachability.

Lemma 3.11. All 2n subsets of the state set of Mn are co-reachable.

Proof. Salomaa et al. [30] showed that any automaton recognizing a non-
empty, non-universal language over an alphabet with at least three symbols
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has 2n co-reachable subsets of states, provided its associated semiautoma-
ton is functionally complete. Since M′

n satis�es these conditions and co-
reachability is independent of the choice of initial states and the addition of a
transition by d ∈ Σ, all 2n subsets of the state set ofMn are co-reachable.

Hospodár et al. [14, Lemma 2] showed that a language L admits a fooling set
of size n i� there exists an NFA recognizing L in which every singleton set of
states is both reachable and co-reachable. Since every subset of states of Mn

is both reachable and co-reachable, it follows in particular that all singleton
subsets satisfy this property. Hence, the language recognized by Mn admits
a fooling set of size n. By Lemma 2.1, this implies the following Lemma:

Lemma 3.12. The MDFA Mn is minimal.

Moreover, since all 2n subsets are both reachable and co-reachable, it follows
from Lemma 3.7 that the bound is tight for MDFAs over an alphabet with
at least 4 symbols.

Theorem 3.3 (Complementation). Let n ≥ 3. Let L ⊆ Σ⋆ be a language

with msc(L) ≤ n. Then, msc
(
L
)
≤ 2n, and this bound is tight for |Σ| ≥ 4.

3.3 Reversal

We now turn to the reversal operation. It is well known [33, 26] that although
reversal preserves the size of NFAs, it leads to an exponential blowup in
the number of states for DFAs. We show that MDFAs exhibit the same
exponential worst-case behavior as single initial state DFAs.

Lemma 3.13. Let L be a language with msc(L) ≤ n. Then 2n − 1 states

su�ce for an MDFA to recognize LR.

Proof. Let M = ⟨Q,Σ, δ, I, F ⟩ be an n-state MDFA with L(M) = L. Since
L
(
D
(
MR

))
= LR, and |D

(
MR

)
| ≤ 2n−1 in the worst case, the upper bound

follows.

To establish tightness, we use the some-register-on language Rn introduced
by Leung [22, 23]. Consider n Boolean-valued registers, with register 1 ini-
tially set to 1. The alphabet consists of copy instructions Copy i to j, abbrevi-
ated as ij, each copying the value of register i into register j. A word belongs
to Rn i�, after executing the corresponding sequence of copy instructions, at
least one register is 1.

Lemma 3.14 (Leung [23]). There exists an n-state MDFA recognizing RR
n .
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Proof. Let N = ⟨[1, n], Σ, δ, {1}, [1, n]⟩, where Σ = {ij | i ̸= j} and δ =
{⟨k, ij, k⟩ | i ̸= j, j ̸= k}∪{⟨i, ij, j⟩ | i ̸= j}. It's easy to see that L(N) = Rn:
state k is active after reading a word w if and only if the corresponding
register is on. Moreover, NR's transition function is deterministic, so RR

n is
recognized by an n-state MDFA.

Lemma 3.15 (Leung [23]). Exactly 2n − 1 states are both su�cient and

necessary for an MDFA to recognize Rn.

Proof. LetM = ⟨Q,Σ, δ, {10n−1}, Q⟩, whereQ = {0, 1}n\{0n} is the set of all
nonzero binary strings of length n, Σ = {ij | i ̸= j}, and δ(q, ij) = q[j 7→ q[i]],
with q[j 7→ q[i]] denoting the string obtained from q by replacing its j-th bit
with its i-th bit. That L(M) = Rn and |M | = 2n − 1 follow directly from
the de�nition. The proof that this MDFA is minimal is rather lengthy, and
we refer the reader to the original paper by Leung [23].

1 2
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21

13

31 23

32

12, 32, 13, 23 21, 31, 23, 13

21, 31, 23, 13

100 111 011

110

101

010

001

23, 32

12

13

12, 21

32

13, 23

31

13, 31

21 23

23, 32
21, 31
13

12

13, 31

23

21

12, 32

12, 21

31

32

Σ

Figure 3: 3-state MDFA for RR
3 and (23 − 1)-state MDFA for R3

Since the reversal operator is idempotent, i.e., (RR
n )

R = Rn, the following
theorem is an immediate consequence of Lemmas 3.13 to 3.15.

Theorem 3.4 (Reversal). Let L ⊆ Σ⋆ be a language with msc(L) ≤ n. Then,
msc

(
LR

)
≤ 2n − 1, and this bound is tight for |Σ| = O(n2).
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3.4 Closures Operations

The state complexities of the su�x, pre�x, and factor closure operations
have been investigated in detail by Brzozowski et al. [6] and Kao et al. [18].
They established that, in the worst case, the pre�x, su�x, and factor closure
operations require 2n − 1, n, and 2n−1 states, respectively, when applied to
an n-state DFA. In this section we show that initial state nondeterminism
alone is su�cient to reduce all these bounds to n.

Let M be an MDFA accepting L. By making all reachable states initial, we
get an MDFA that accepts Suff(L). By making all co-reachable states �nal,
we get an MDFA that accepts Pref(L). Finally, by applying both of the
previous constructions we get an MDFA that acceptes Fact(L). This allows
us to state the following upper bounds.

Lemma 3.16. Let L ⊆ Σ⋆ be a language with msc(L) ≤ n. Then, n states

are su�cient for an MDFA to recognize Suff(L), Pref(L), and Fact(L).

Lemma 3.17. Let L ⊆ Σ⋆ be a language with msc(L) ≤ n. Then, n states

are su�cient for an MDFA to recognize Suff(L).

Proof. Let M = ⟨Q,Σ, δ, I, F ⟩ be an n-state MDFA that recognizes L. We
de�ne MS = ⟨Q,Σ, δ, I ′, F ⟩ to be the automaton constructed from M by
making every reachable state initial. Let us start by proving that L(MS) =
Suff(L).

(=⇒) Let w ∈ L(MS). Then, there exists an initial state i′ ∈ I ′ such that
δ(i′, w) ∈ F . Since every initial state is reachable in M , there is a word
u ∈ Σ⋆ such that δ(i, u) = i′, thus δ(i, uw) ∈ F . This means that uw ∈ L,
and so w ∈ Suff(L).

(⇐=) Conversely, let w ∈ Suff(L). By de�nition, there exists a word u ∈ Σ⋆

such that uw ∈ L, i.e., δ(i, uw) ∈ F for some initial state i ∈ I. Since
all reachable state in M are initial in MS, δ(i, u) ∈ I ′, thus proving that
w ∈ L(M).

Lemma 3.18. Let L ⊆ Σ⋆ be a language with msc(L) ≤ n. Then, n states

are su�cient for an MDFA to recognize Pref(L).

Proof. Let M = ⟨Q,Σ, δ, I, F ⟩ be an n-state MDFA that recognizes L. We
de�ne MP = ⟨Q,Σ, δ, I, F ′⟩ to be the automaton constructed from M by
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making every co-reachable state �nal. Let us start by proving that L(MP ) =
Pref(L).

(=⇒) Let w ∈ L(MP ). By de�nition, there is an initial state i ∈ I such that
δ(i, w) ∈ F ′. Since every �nal state of MS is co-reachable in M , there is a
word u ∈ Σ⋆ such that δ(i, wu) ∈ F . This means that wu ∈ L and, therefore,
that w ∈ Pref(L).

(⇐=) Conversely, let w ∈ Pref(L). This means that there exists a word
u ∈ Σ⋆ such that wu ∈ L, i.e., δ(i, wu) ∈ F for some initial state i ∈ I. Since
all co-reachable states in M are �nal in MS, δ(i, w) ∈ F ′, thus proving that
w ∈ L(M).

Lemma 3.19. Let L ⊆ Σ⋆ be a language with msc(L) ≤ n. Then, n states

are su�cient for an MDFA to recognize Fact(L).

Proof. Let M = ⟨Q,Σ, δ, I, F ⟩ be an n-state MDFA that recognizes L. We
de�ne MF = ⟨Q,Σ, δ, I ′, F ′⟩ to be the automaton constructed from M by
making every reachable state initial and every co-reachable state �nal. Let
us start by proving that L(MF ) = Fact(L).

(=⇒) Let w ∈ L(MF ). By de�nition, there is an initial state i′ ∈ I ′ such
that δ(i, w) ∈ F ′. Since every initial state of MF is reachable in M and every
�nal state of MF is co-reachable in M , there are words u, v ∈ Σ⋆ such that
δ(i, uwv) ∈ F for some initial state i ∈ I. This means that uwv ∈ L and,
therefore, that w ∈ Fact(L).

(⇐=) Conversely, let w ∈ Fact(L). This means that there are words u, v ∈ Σ⋆

such that uwv ∈ L, i.e., δ(i, uwv) ∈ F for some initial state i ∈ I. Since
all reachable states in M are initial in MF , δ(i, u) ∈ I ′. Similarly, since all
co-reachable states in M are �nal in MF , δ(i, uw) ∈ F ′, thus proving that
w ∈ L(M).

The following lemma proves the tightness of the three upper bounds:

Lemma 3.20. Let n ≥ 2. Let L ⊆ Σ⋆ be a language with msc(L) ≤ n. Then,
n states are necessary, in the worst case, for an MDFA to recognize Suff(L),
Pref(L), and Fact(L).

Proof. Let w ∈ Σ⋆ be a word of length n − 1, and let Mw be the linear n-
state MDFA recognizing the singleton language {w}. By the constructions
of Lemma 3.16, we obtain n-state MDFAs MS, MP , and MF recognizing
Suff({w}), Pref({w}), and Fact({w}), respectively.
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We now prove that these automata are minimal. We start by noting that the
four languages considered are �nite and that the largest word that belongs
to each of them is w. Suppose, for the sake of contradiction, that there
are MDFAs recognizing these with less than n states. By the pigeonhole
principle, any accepting computation of w must visit some states more than
once. This implies the existence of a loop which we can iterate over and,
thus, accept words of an arbitrary length. This contradicts �niteness and,
thus, such an automaton cannot exist. Hence, the automata Mw, MS, MP ,
and MF are minimal, and the bound of n states is tight.

From Lemmas 3.16 to 3.20, we can directly conclude that:

Theorem 3.5. Let n ≥ 2. Let L ⊆ Σ⋆ be a language with msc(L) ≤ n.
Then, msc(Suff(L)) ≤ n, msc(Pref(L)) ≤ n and msc(Fact(L)) ≤ n, and
these bounds are tight for |Σ| ≥ 2.

4 Computational Complexity

The computational complexity of decision problems for �nite automata has
been extensively studied [25, 10]. For DFAs, many classical decision prob-
lems have e�cient algorithms, whereas for NFAs the presence of unrestricted
nondeterminism often leads to many of those problems becoming computa-
tionally intractable in practice. Malcher [24] studied the complexities of the
decision problems forMDFAs in which the number of initial states was given
as part of the instance and proved that, other than minimization, all of them
were in P. In this section we investigate the complexity of several decision
problems for MDFAs in the general case.

We begin by considering the membership problem forMDFAs. In the classi-
cal case for DFAs, the membership problem is decidable in L, while for NFAs
nondeterminism makes it NL-complete. We show that the limited kind of
nondeterminism available to MDFAs does not su�ce to make this problem
computationally harder.

De�nition 4.1 (MDFA-Membership).
Input:An MDFA M = ⟨Q,Σ, δ, I, F ⟩ and a word w ∈ Σ⋆

Question: Does w ∈ L(M)?

Theorem 4.2. MDFA-Membership belongs to L.

Proof. Let M = ⟨Q,Σ, δ, I, F ⟩ be an n-state MDFA and let w ∈ Σ⋆. We
describe a deterministic logspace machine that decides whether w ∈ L(M).
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For each initial state i ∈ I, we simulate running M with input w from that
state. Since δ is deterministic, this can be done by simply keeping track
of the current state. After processing w, the machine checks whether the
resulting state is �nal and accepts i� this holds for some i ∈ I.

Since the algorithm only needs to store a counter for the initial states and
the current state, which both can be stored using O(log n) space, the total
working space is O(log n). Therefore, MDFA-Membership belongs to L.

Next, we analyze the complexity of deciding whether the language recognized
by an MDFA is empty. Contrary to the problems considered after this one,
it follows from the fact that the emptiness problems for DFAs and NFAs are
NL-complete that the MDFA version is also NL-complete.

De�nition 4.3 (MDFA-Emptiness).
Input:An MDFA M = ⟨Q,Σ, δ, I, F ⟩.
Question: Does L(M) = ∅?

Theorem 4.4. MDFA-Emptiness is NL-complete.

Proof. Since, by the Immerman-Szelepcsényi theorem [15, 31], NL = coNL

it su�ces to show that the complementary problem is in NL. Let M =
⟨Q,Σ, δ, I, F ⟩ be an n-state MDFA. Notice that L(M) ̸= ∅ i� there exists
a word labeling a path that is both initial and �nal. A nondeterministic
logspace machine can verify this property as follows: it �rst guesses an initial
state, then repeatedly guesses outgoing transitions, and accepts as soon as a
�nal state is reached. To ensure termination, the machine rejects if more than
n transitions are taken. This upper bound on the length of the accepting
path is sound due to the fact that any accepting path of a longer length
must contain a loop, and, thus, can be shortened by removing said loop.
The algorithm stores only the current state and a counter, requiring only
O(log n) space. Hence, the problem is in NL.

Hardness follows from the fact that the specialization of this problem to
DFAs is well known to beNL-complete [17]. Therefore,MDFA-Emptiness

is NL-complete.

We now turn to the universality problem, which asks whether a given au-
tomaton accepts all possible words over its alphabet. Contrary to the previ-
ous problem, initial state nondeterminism is already su�cient to make this
problem computationally intractable.
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De�nition 4.5 (MDFA-Universality).
Input:An MDFA M = ⟨Q,Σ, δ, I, F ⟩.
Question: Does L(M) = Σ⋆?

Theorem 4.6. MDFA-Universality is PSpace-complete.

Proof. Membership in PSpace follows from the fact that the general problem
for NFAs is PSpace-complete [25].

Then, we prove hardness via a reduction from the DFA-Intersection-
Emptiness problem (DIE), which is known to be PSpace-complete [20].
Let ⟨A1, · · · , Ak⟩ be an instance of the DIE problem. By De Morgan's laws,
we have

k⋂
i=1

L(Mi) = ∅ i�
k⋃

i=1

L(Mi) = Σ⋆.

The union of the complemented DFAs can be represented as an MDFA

accepting the same language. Since complementation and union of DFAs
can be performed in polynomial time on the size of the input, MDFA-

Universality is PSpace-hard. This concludes the proof.

Finally, we consider the language inclusion problem for MDFAs which gen-
eralizes universality and is central in many veri�cation tasks. Similarly to
the universality problem, initial state nondeterminism makes this problem
much harder.

De�nition 4.7 (MDFA-Inclusion).
Input:Two MDFAs M1 = ⟨Q1,Σ, δ1, I1, F1⟩ and M2 = ⟨Q2,Σ, δ2, I2, F2⟩.
Question: Does L(M1) ⊆ L(M2)?

Theorem 4.8. MDFA-Inclusion is PSpace-complete .

Proof. As before, since MDFAs are a special case of NFAs, inclusion can be
decided in PSpace [25].

For hardness, we provide a polynomial-time reduction from the MDFA -

Universality problem, which is PSpace-complete by Theorem 4.6. Given
anMDFAM over Σ, we construct an instance ⟨U,M⟩ of MDFA-Inclusion,
where U is a �xed MDFA such that L(U) = Σ⋆. Clearly,

L(U) ⊆ L(M) i� L(M) = Σ⋆.

The construction of U can be performed in constant time. Hence, MDFA-

Inclusion is PSpace-hard, thus �nishing the proof.
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5 Conclusion

In this paper, we have investigated the computational and operational state
complexity of MDFAs, a relatively underexplored model of computation
characterized by a highly restricted form of nondeterminism.

Overall, this work contributes to a deeper understanding of limited nonde-
terminism and of the structural properties of MDFAs. On one hand, the
restricted nondeterminism available to MDFAs su�ces to improve the state
complexity bounds for union, su�x closure, and factor closure over the deter-
ministic case, while leaving the bounds for intersection, reversal, and pre�x
closure unchanged. On the other hand, even this minimal degree of nonde-
terminism su�ces to render complementation as hard as in the general NFA
case. Moreover, we proved that initial state nondeterminism keeps empti-
ness easy, while rendering universality and inclusion intractable. Table 1 and
Table 2 summarize our results.

Table 1: Summary of operational state complexity results.
Operation DFA |Σ| MDFA |Σ| NFA |Σ|
L ∩K nm 2 nm 2 nm 2
L ∪K nm 2 n+m 2 n+m 2
L n 1 2n 4 2n 2
Suff(L) 2n − 1 2 n 2 n 2
Pref(L) n 2 n 2 n 2
Fact(L) 2n−1 2 n 2 n 2
LR 2n − 1 2 2n − 1 O(n2) n 2

Table 2: Summary of the complexity of decision problems.
Problem DFA MDFA NFA

Membership L L NL-complete

Emptiness NL-complete NL-complete NL-complete

Universality NL-complete PSpace-complete PSpace-complete

Inclusion P PSpace-complete PSpace-complete

Minimization P PSpace-complete PSpace-complete

Several questions remain open. Most notably, tight bounds for the concate-
nation, Kleene star, and Kleene plus operations have yet to be established,
and we expect these to require novel lower bound methods. More broadly, a
complete characterization of the operations for which MDFAs o�er a com-
plexity advantage over DFAs, and those for which they do not, remains an
interesting direction for future work.
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