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Abstract

Acyclic Deterministic Finite Automata (ADFAs) are an efficient data
structure for representing finite sets of strings, with applications rang-
ing from pattern matching to natural language processing and syntax
checking. In this paper, we identify a class of regular expressions rep-
resenting finite languages whose Brzozowski automaton is guaranteed
to be minimal, and show that any ADFA can be efficiently converted
into an equivalent expression from this class. By combining these re-
sults, we derive a new minimization algorithm for ADFAs that achieves
minimality through a reduction to regular expressions in a suitable
form, thus avoiding the explicit computation of the Nerode equiva-
lence classes.

Keywords: Acyclic Deterministic Finite Automata, Minimal Au-
tomata, Finite Languages, Brzozowski Derivatives.

1 Introduction

Regular languages and their representations are among the most fundamen-
tal and well-studied objects in theoretical computer science. In particular
the study of finite languages and regular expressions have found particular
importance. On the one hand, finite languages and their automata repre-
sentations in the form of Acyclic Deterministic Finite Automata (ADFAs)
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have found application on a diverse range of fields from natural language
processing to bioinformatics, where they serve as an efficient data structure
for syntax checking and pattern searching problems that are ubiquitous in
those areas. Regular expressions, on the other hand, provide an algebraic
characterization of regular languages and have become indispensable in the
formal verification of imperative programs and network behavior.

A central tool in the study of regular expressions is the Brzozowski deriva-
tive [Brz64|, which provides a syntactic method for constructing a Determin-
istic Finite Automaton (DFA) directly from a regular expression. Although
experimental evidence suggests that the resulting Brzozowski automaton is
typically close to minimal [ORT09], and is in fact minimal in many cases, no
syntactic or algebraic characterization of the class of regular expressions for
which it is always minimal is known. Closing this gap is of both theoretical
and practical interest: understanding what structural properties of a regular
expression guarantee a minimal automaton could directly improve the per-
formance of algorithms that rely on the construction and manipulation of
automata and regular expressions.

In this paper, we introduce a syntactic normal form for regular expressions
representing finite languages, which we call head normal form, and show
that the Brzozowski automaton of any expression in this form is minimal.
We further show that this normal form is of practical interest by presenting
a new minimization algorithm for ADFAs.

The remainder of the paper is organized as follows. In Section 2 we fix
notation and recall the necessary background on Brzozowski derivatives and
ADFAs. In Section 3 we introduce head normal form and prove that the
Brzozowski automaton of any expression in this form is minimal. In Section 4
we present a linear-time algorithm that converts an ADFA into an equivalent
expression in head normal form. Finally, in Section 5 we combine these results
to synthesize a minimization algorithm for ADFAs and prove its correctness.

2 Preliminaries

In this section we review some definitions and notation from the theory of
automata and formal languages. For more details, we refer the reader to the
standard references [HU79; Yu97].

An alphabet X is a finite, non-empty set of symbols. A word w over X is a
finite sequence of symbols. The empty word is denoted by €. The length of
a word w is denoted by |w|. The set of all words (resp. non-empty words)



is denoted by ¥* (resp. X1) and corresponds to the free monoid (resp. free
semigroup) generated by ¥. A subset L C ¥* is called a language. A language
is said to be finite if its cardinality is finite. Given a word w € »* and a
language L C X%, the (left) quotient of L by wis w™'L = {u € ¥* | wu € L}.

Let ¥ = {o0y,09,-+ ,01} be a k-element alphabet. Then, the set REy of
regular expressions over X is given by the following grammar:

a=0lelor|---[op|(a+a)|(a-a)](a”),

where the symbol - and the parenthesis are often omitted. The language
represented by a regular expression « is denoted by £(«) and is inductively
defined as follows:

LO) =0, L) =A{e},  L(o) ={o},
Lla+p) = L)ULPB),  Lla-P)=L()L(B),  Lla¥)=L(a)"

Two regular expressions «, § € REy are equivalent, written o = 3, if L(«) =
L(B). If they are syntactically equal we write o = .

The algebraic structure (REs, -, +, (), €) forms the free Kleene Algebra [Con12;
Koz94; Sal66] over X. In particular it follows that, for all « € REyx

a-0=0=0-q, a+d=a=0+a, a-e=a=c¢c-a.

A regular expression is said to be ¢rim if it can’t be simplified using any
of the above rules. For the rest of this paper we only consider trim regular
expressions since the simplification can be done in linear time. For any
proposition ¢, the Iverson bracket [p] is defined as € if ¢ is true and ) if ¢
is false. !

A deterministic finite automaton (DFA) is a 5-tuple A = (Q, %, 6, qo, F),
where () is a finite set of states, ¥ is an alphabet, 0 : Q — X — @ is a
transition function, gy € @ is the initial state, and F' C (@ is the set of
final states. The transition function can be naturally extended to words

0:Q — X" — Q.

A state g € @ is said to be accessible if there exists a word w € X* such that
d(qo, w) = q. Similarly, a state ¢ € @ is useful if there is a word w € ¥* such
that 0(¢,w) € F. A DFA is said to be trim if all of its states are accessible
and useful. The right language of a state ¢ € () is the set of words that take

! The usage of € and () instead of the more traditional 1 and 0 is justified by the injection
of the Booleans into the regular expressions.



q to a final state, that is ?A(q) = {w € ¥ | §(¢q,w) € F}. Two states are
equivalent if the have the same right language.

The language accepted by a DFA A is the right language of its initial state,

ie., L(A) = L (q). Two DFAs are equivalent if they recognize the same
language. Two isomorphic DFAs are equivalent.

A DFA A is minimal if there is no other equivalent DFA with fewer states.
Equivalently, a DFA is minimal if and only if all of its states are accessible and
have pairwise distinct right languages. The minimal DFA that recognizes any
language L is unique up to isomorphism and can be computed in O(nlogn)
time using Hopcroft’s algorithm [HopT71].

2.1 Brzozowski Automaton

The concept of the derivative of a regular expression was introduced by
Brzozowski [Brz64] as a clean and effective method for converting a regular
expression into an equivalent DFA.

We begin by defining the auxiliary function ¢ : REx — {0, ¢}, which deter-
mines whether a given expression accepts the empty word or not:

e(0) =0, ele) =, e(o) =0,
e(a+ p) =¢e(a) +<(p), e(a-B) =c¢c(a)-(B), e(a*) =e.

The derivative of a regular expression o € REy by a symbol o € X is the
expression d,(«) whose language consists of the left quotient of the language
denoted by a by o, i.e., L(d,(a)) = 07 L(a). Tt is inductively defined by:

de(0) =0, d,(e) =0, d, (o) = [0 = o], do(a*) = d,(a)a*,
ds (o + B) = dy () + ds (), ds(a - B) = do(@)B + e(a)do(B).

The derivative is naturally extended to words w € »* by induction on the
length of the word:

de(a) = a, dow (@) = dy(dy()).

A word w is accepted by « if and only if the derivative by w accepts the
empty word, i.e., e(d,(a)) = e.

The following result shows that a regular expression can be decomposed into
its nullability and its derivatives:

Theorem 2.1 ([Brz64|). Let o € REy be a regular expression. Then

a=c¢(a)+ Zadg(a).

geY
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The set of dissimilar derivatives of a regular expression is, in general, not
finite. Despite this, Brzozowski proved that by taking equivalence of regular
expression modulo a subset of the axioms of Kleene Algebra, namely associa-
tivity, commutativity, and idempotency of union (know as the ACI axioms),
the set of derivatives of a given regular expression is finite. If we extend the
ACT axioms with associativity of concatenation (- 5) v = «a- (S -~) and
left distributivity (o + ) - v = ay + B7, we get the ACIAL axiom system
[MMR14].

This result leads to a conversion algorithm that that bypasses the intermedi-
ate step of constructing and determinizing an NFA required by the Thomp-
son [Tho68], Glushkov [Glu61], and partial derivative [Mir67; Ant96] meth-
ods. Let a € REyx, be a regular expression, then the Brzozowski automaton of
« is the DFA Brz(«a) = (D, 3,4, [a], F'), where D is the set of distinct deriva-
tives of a modulo ACI, the transition function is given by 6([5],0) = [d,(8)],
the initial state is the equivalence class of a and the final states are the
derivatives that accept the empty word, i.e., F = {[5] € D(a) | e(B) = ¢}.
The correctness of the transformations follows from the properties of the
derivative.

It is important to note that, in general, the Brzozowski automaton is not
minimal. For example, Ilie and Yu [[Y03] presented a family of regular
expressions «,, = (a + b+ ¢€)"(a + b)* such that Brz(w,) has n states while
its minimal equivalent DFA has a single state. Despite this, experimental
results [ORT09| suggest that these automata are significantly smaller than
those produced by other methods and are in a significant number of cases
minimal.

2.2 Acyclic DFAs

An acyclic deterministic finite automaton (ADFA) is a DFA A = (QU{2}, X,
J,qo, F'), where F' C @ and gy # 2 such that for all 0 € X, §(2,0) = Q and
there are no other cycles. The state €2 is called the dead or sink state, and
is the only cyclic state of A. It is easy to see that the language recognized
by an ADFA is finite. In the rest of this paper we only consider accessible,
complete and trim ADFAs whose only non-useful state is €.

Due to the fact that the language recognized by an ADFA is finite we can
define the rank of a state ¢ € @, denoted by rk(g) to be the length of the
longest word accepted from ¢, that is, rk(q) = max{|w| | w € L 4(¢)}. The
rank of and ADFA A is rk(A) = max{rk(q) | ¢ € Q}. It’s easy to see that
rk(A) = rk(go). The rank function can be computed in linear time from



a depth-first search. Note that the transition function is strictly decreasing
with respect to rank and that two equivalent states must have the same rank.

Lemma 2.1 ([Lot05]). Let A = (QU{Q}, %, 0, qo, F) be an ADFA. Let q € Q
be a state of A with rk(q) > 0. Then rk(q) > rk(d(q,0)), for all 0 € ¥. In
particular, there is a symbol o € ¥ such that tk(d(q,0)) = rk(q) — 1.

Lemma 2.2 ([Lot05]). Let A = (Q U {Q},X,0,q0, F) be an ADFA. Let
p,q € Q be two states of A. If BA(p) = L 4(q) then rk(p) = rk(q).

Since ADFAs can be stratified into ranks, the minimality condition can be
relaxed from equivalence to equality of states and can be computed in linear
time using Revuz algorithm |[Rev92|.

Theorem 2.2 ([Rev92; Lot05]). Let A= (QU{Q},X,0,qo, F) be an ADFA.
The ADFA A is minimal if and only if for all distinct p,q € Q U {Q}:

(peFVqgeF)V(JoeX) dpo)+#dqo)

3 Head Normal Form

In this section, we introduce the notion of head normal form for regular
expressions representing finite languages. Since we restrict our attention to
finite languages, we will only consider the fragment of regular expressions
in which the Kleene star does not appear, to which we refer to as the finite
reqular erpressions. A finite regular expression is said to be in head normal

form if it is of the form
f+2 0

where f € {0,e} and each a, is a finite regular expression in head normal
form. Note that the expressions ), ¢, and o, for each o € X, are degenerate
instances of the head normal form.

The fact that we call this form a normal form follows from the fact that any
finite regular expression admits an equivalent expression in head normal form
that can be recursively computed as follows.

Definition 3.1. The function hnf : REs; — REyx; is defined as

0, if a = 0;

o e

hnf(a) = = ?oz ©
o, ifa=0¢ed;

e(a) +) e 0-hnf(d,(a)), othewise.
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We establish the correctness of this definition through the following lemmata.

Lemma 3.1. For every finite reqular expression o € REsx, the previous
definition of hnf is sound.

Proof. We proceed by cases on the definition of hnf. In the base cases, « is
already in head normal form, so the algorithm is sound. Otherwise, the sum
has a finite number of summands, since the alphabet is finite, so it suffices
to show that each inductive call is sound.

Consider the following well-founded measure defined on the finite regular
expressions:

(0)=0, L) =0, Llo)=1,
Ua+B8) = max{€(a),6(8)},  La-B) = ta) + ((B).

It is easy to check that this syntactic measure semantically corresponds to
the length of the longest word in the language denoted by «, i.e., {(a) =
max{|w| | w € L(a)}. Since the derivative of a regular expression with
respect to a symbol semantically corresponds to a left quotient of the lan-
guage it denotes, whenever d, («) # (), the value of the measure decrease, i.e.,
((dy(a)) < €(a). When d,(c) = ), the inductive call reaches a base case.
Thus, by induction on the value of ¢, each inductive call is sound. Hence,
the definition is sound. m

Lemma 3.2. For every finite regular expression o € REy, the expression
hnf(a) is in head normal form.

Proof. We proceed by induction on the structure of . For the base cases,
the resulting expression is trivially in head normal form. For the inductive
case, by the inductive hypothesis, hnf(d,(«)) is in head normal form for
every o € . Since e(a) € {0, e}, the resulting expression is in head normal
form. O]

Lemma 3.3. For every finite reqular expression o € REy, L(hnf(a)) =
L(a).

Proof. We proceed by induction on the structure of o. For the base cases,
a is already in head normal form, and thus L£(hnf(a)) = L(«) trivially fol-
lows. For the inductive case, by the inductive hypothesis, £(hnf(d,(«))) =
L(d,(a)) for every o € ¥. By Theorem 2.1, the decomposition of an expres-
sion is language preserving. Hence, L(hnf(a)) = L(a). O



An important property of head normal form is that it is preserved under the
derivative operator. In particular this implies that, without loss of generality,
we can take the representatives of the equivalence classes that constitute the
states of the Brzozowski automaton to be regular expressions in head normal
form.

Lemma 3.4. The Brzozowski derivative of a regular expression in head nor-
mal form s in head normal form.

Proof. Let a = f + ) .y 0a, be a finite regular expression in head normal
form. By linearity of the derivative operator, for all o’ € X:

dor (@) = der(f) + Y dor(00s) =Y [0 =0"la, = o

oeX oceY

By definition, «a, is in head normal form. [

Unlike the general case, where two ACl-inequivalent regular expressions may
still agree on their acceptance of the empty word and produce ACI-equivalent
derivatives, the finite regular expressions in head normal form can always be
separated either by their acceptance of the empty word or by one of their
derivatives. We make this precise in the following lemma.

Lemma 3.5. Let o, f € REyx, be two finite reqular expressions in head normal
form. Then

aZsa b = (e(a)Ve(P) vV (Fo€X) dy(a) Zact do(B)

Proof. Let a = fo+>. 00, and = fg+ 3 v 0B, with fo, fz € {0, ¢}.
Since o Zacor [, they must differ in at least one of their summands. If
they differ in their nullability summand, ie., f, # fs, then e(a) V &(5)
and the lemma holds. Otherwise, they must differ in one of their composite
summands, i.e., for some o € X, ca, Zac1 08,. Since if a, =405 5, held,
then by congruence of =47 we would have oo, =ac; 0f,, a contradiction,
we conclude o, Zacr [,. Finally, by definition of the derivative on head
normal forms, d, (o) =acr @, and d,(5) =acr fs, and therefore d, () Zacr

d, (B). O

It follows from Lemma 3.5 is that, since by Theorem 2.2, in the ADFA set-
ting, it suffices to show that two states can be distinguished either by their
finality or their transitions, the automata obtained by applying the Brzo-
zowski derivative construction on finite regular expressions in head normal
form are always minimal.



Theorem 3.2. Let o € REyx be a finite reqular expression in head normal
form. Then the automaton Brz(«) is minimal.

Proof. By the definition of the Brzozowski automaton, its states correspond
to the equivalence classes modulo ACI of the derivatives of a. By Lemma 3.4,
we know that, without loss of generality, we can take the representatives of
those equivalence classes to be finite regular expressions in head normal form.
Lemma 3.5 ensures that two different representatives are distinguishable ei-
ther by their finality or their derivatives and thus, by Theorem 2.2, the
automaton is minimal. O

Remark 3.3. Since finite reqular expressions in head normal form are deter-
ministic, their sets of partial derivatives [Ant96] are either the empty set or
singletons and thus can be identified with the Brzozowski derivatives. Conse-
quently, for any finite reqular expression « in head normal form, the partial
derivative automaton Pd(«) is deterministic and isomorphic to the Brzo-
zowski automaton Brz(a).

Remark 3.4. It is important to remark that our head normal form for fi-
nite reqular expressions constitutes a particular case of the ACIAL normal
form of Maia et al. [MMR14]. In their paper, they showed that the Partial
derivate automaton of a finite reqular expression i ACIAL normal form is
isomorphic to the bissimilar automaton of its Glushkov automaton. In the
nondeterministic setting, although it does not imply a minimal number of
states, bissimulation implies that no two distinct states have the same right
languages. Unfortunately, this result does not translate well to the determin-
istic setting as is shown by the following counter example:

Let a = a(aab + a(ab + ¢)) + ca(ab + ¢). Note that this expression is in
ACIAL normal form, but not in head normal form. Fiqure 1 shows the
ADFA obtained by applying the Brzozowski derivative construction to o. It
s easy to see that the automaton is not minimal since the states q1 and go

are equivalent, i.e., 2((]1) = ?(qg), and, thus, can be collapsed.

4 From Acyclic Automata to Expressions

The problem of converting a DFA into an equivalent regular expression is an
interesting and historically important problem in automata theory [Sak06;
GHO8| since the existence of such an algorithm is an essential component
of the proof of Kleene’s Theorem [Kle56]. Since Kleene’s original proof,
several conceptually simpler and more efficient methods have been proposed,



Figure 1: Non-minimal Brzozowski automaton Brz(«) of a regular expres-
sion « in ACTAL normal form.

Algorithm 1: Converting an ADFA to a regular expression via rank
ordering
Input: An ADFA A= (Q,%,6,q, F)
Output: A regular expression 74 such that L(r4) = L(A)
@ < SortByRank(Q);
ro < Q);
for g € Q) do

rq < lg € FJ;

for o0 € ¥ do

L Tq = Tq+ 0 Tsq0);

return 7,,;

namely the State Elimination method of Brzozowski and McCluskey [BM63],
and the method of solving a system of equations by Gaussian elimination
using Arden’s Lemma [Koz94; Ard61|. In this section we present a simplified
linear time version of these algorithms that will turn out to be useful for the
minimization algorithm in the next section.

The algorithm works by assigning to each state in increasing rank order a
regular expression constructed as a combination of the regular expressions
assigned to those states in lower ranks. The state € is assigned the expression
() while every other state ¢ € ) is assigned an expression r, of the form

re=1[q € F]+ ZUT(S(‘LU)'

oceEY
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The fact that expressions are constructed in rank order paired with Lemma 2.1
guarantees that all subexpression have already been computed when they are
needed. Additionally, the acyclical nature of the ADFA guarantees that the
equations can be solved without resorting to Arden’s Lemma. Thus, we have
the following theorem:

Theorem 4.1. Let A = (QU {Q},%,6,q0, F) be an ADFA. Let r4 be the
reqular expression obtained by the application of Algorithm 1 to A. Then
L(A) = L(ra)

Theorem 4.2. Let A be an n-state ADFA over an alphabet with k symbols.
Then Algorithm 1 runs in O(nk) time.

Proof. The SortByRank step can be implemented in O(n + nk) = O(nk)
time using a topological sorting algorithm. Since all operations within the
loops’ bodies have unit cost, the loop body contributes another O(nk). The
overall complexity is thus O(nk). O

An important consequence of the fact that the application of Arden’s Lemma
is not needed to solve the resulting system of equations is that the expressions
assigned to each state by the algorithm are finite regular expressions in head
normal form.

Lemma 4.1. Let A be an ADFA. For all g € Q, the regular expressions r,
obtained during the application of Algorithm 1 to A are finite and in head
normal form.

Proof. We proceed by induction on the rank of states.

Base Case: ¢ = ().
The algorithm assigns rq = (), which is trivially in head as it corresponds to
the case in which the set of summands is empty.

Base Case: rk(q) = 0.

The only state to which a state ¢ with rank 0 can have transitions to is €.
Since it has rank 0, it must accept a word of length 0 (i.e., the empty word
¢) and so must be final. Thus, the assigned expression is 7, = ¢ which is in
head normal form.

Inductive Case: rk(q) = n.
By induction hypothesis, let r, be in head normal form for all ¢’ €  with
rk(q') < n. The algorithm constructs the following expression:

r,=1q € F|+ Zar(g(qvg),

ceEY
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State Expression
Q 0
c g4 €
g3 €
b q2 a+b
q1 eEta+rg+c
Q0 a-rq +b-ry +c

Figure 2: Application of Algorithm 1 to an ADFA A, yielding the regular
expression 74 = a(e + a + b(a +b) + ¢) + b(a + ¢) + c.

It is easy to see that the first summand is either the empty set or consists only
of €, and the second summand is a sum of distinct, ordered symbols followed
by 75(g,0)- Since by Lemma 2.1, 1k(6(¢,0)) < n for all ¢ € ¥, the induction
hypothesis guarantees that each 75,0 is in head normal form. Hence, r, is
in head normal form, completing the proof. O]

In particular, since the algorithm returns the expression that was assigned
to state qp, we get the following corollary that guarantees that the returned
a finite regular expression is in head normal form:

Corollary 4.1. Let A be an ADFA. The reqular expressions r4 obtained by
the application of Algorithm 1 to A is finite and in head normal form.

Example 4.3. Let A be the ADFA represented in Fig. 2. We start by order-
ing the states by their ranks as follows: Q0 < q4 < q3 < ¢ < q1 < qo. Notice
that since rk(qs) = rk(qq) their elimination order does not affect the result
of the algorithm. Then, we compute the reqular expressions associated with
each state in rank order, performing simplifications along the way, as shown
in Fig. 2. The algorithm outputs r 4 = ryy = a(e+a+b(a+b)+c)+b(a+c)+c.

5 A New Minimization Algorithm

Within the formal language and automata theory community, Brzozowski is
perhaps best known not for his definition of regular expression derivatives,
but for his ingenious minimization algorithm [Brz62|. Unlike more stan-
dard approaches to automata minimization, such as Moore’s and Hopcroft’s
[Moo56; Hop71|, which compute the Nerode equivalence classes of the au-
tomaton’s states and then form the corresponding quotient automaton, Brzo-
zowski’s minimization algorithm takes an operationally simpler route: reverse

12



the automaton, determinize it, reverse it again, and, finally, determinize it.
The fact that this procedure yields a minimal automaton is a surprising result
with very elegant proofs such as the one by Bonchi et al [Bon+12|. Inter-
estingly, although the determinization step can incur in an exponential time
complexity in the worst case, empirical studies have shown Brzozowski’s min-
imization algorithm to be faster than Nerode-based approaches for a large
set of automata.

In this section we present a new minimization algorithm from ADFAs that
culminates from the results of the previous sections. It is in a lot of ways
similar to Brzozowski’s minimization algorithm. First, it does not directly
compute the Nerode equivalence classes and rather relies on (co)algebraic
properties of automata and regular expressions. Secondly, it is conceptually
simple as it stems from the composition of two independently well understood
operations. Lastly, it relies on the conversion between to another system of
representing regular languages: NFAs in the case of Brzozowski and regular
expressions in ours.

The algorithm’s description is simple: given an ADFA, we convert it into a
finite regular expression in head normal form using the algorithm of Section 4,
and then we construct its Brzozowski automaton. The intuition behind it is
that by running Algorithm 1 in a reverse topological order based on the rank
of the states we are able to convert distinct but equivalent states into ACI-
equivalent regular expressions that are then collapsed into the same state by
Brzozowski’s automata construction.

Theorem 5.1. Let A be an ADFA. The automaton Brz(ry) is the smallest
ADFA recognizing L(A).

Proof. We split the proof in two parts

First, we prove language preservation. By Theorem 4.1, Algorithm 1 com-
putes an expression 74 such that L£(r4) = L(A). Since the Brzozowski’s
automata construction is language preserving, it follows that L(Brz(r)) =

L(ra) = L(A).

Secondly, we prove minimality of the resulting automaton. By Corollary 4.1,
the expression 74 produced by Algorithm 1 is in head normal form. By
Theorem 3.2, the Brzozowski automaton of an expression in head normal
form is minimal. Hence Brz(r4) is minimal.

Combining these two facts, Brz(ry4) is the minimal ADFA recognizing £(.A).
[l
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6 Conclusion

In this paper we presented a new minimization algorithm for ADFAs that,
unlike classical approaches, avoids the explicit computation of the Nerode
equivalence classes. Instead, it achieves minimality as a byproduct of the
composition of two independent transformations between models of the reg-
ular languages. Additionally, our work contributes to a deeper understanding
of the effect that certain structural properties of regular expressions have on
the structure of their resulting Brzozowski automaton.

Several questions remain open. Most importantly is if the minimality re-
sult for finite regular expression in head normal form can be extended to
other classes of regular languages. More broadly, a classification of all classes
of regular expressions that yield a minimal Brzozowski automaton remains
open. Lastly, the study of the average size of expressions in head normal
form, and of the average state complexity of the resulting minimal ADFAs,
remains an interesting direction for future work.
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